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Abstract

The ideal class group problem is one of the very interesting problems in algebraic number
theory. In this thesis we focused on quadratic fields. We studied the group of units of the
rings of algebraic integers and calculated fundamental units in several quadratic fields. We
also studied a detailed proof of the analytic Dirichlet class number formula with numerical
examples and its relation to binary quadratic forms. In addition, we also presented a detailed

proof of Carlitz’s theorem with numerical examples.
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Chapter 1

Introduction

We assume that reader is familiar with notions of field, ring, and group. For example Q, R,
and C are fields. Let E be a field and F C E. Then F is a subfield of E if it is a field with
respect to operations from E. For example, () is a subfield of R, and R is a subfield of C.

If E is a subfield of F/, E C F, then F is a vector space over E, where elements of F are

considered as ’vectors’ and elements of E as ’scalars’.

1.0.1 Preliminaries

Definition 1 (Degree of Extension).
The dimension of F considered as a vector space over E is denoted by |F : E] and is called

the degree of F over E.

Such degree can be finite or infinite.
For example [R : Q] = oo, but [C: R] = 2.

In this thesis, we will consider only subfields of C that are finite extensions of Q.

Definition 2 (Algebraic element).

An element o of field K is called algebraic if o is a root of a polynomial with rational
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coefficients.

Definition 3 (Algebraic Extension).
An extension K of Q (finite or infinite) is called algebraic if every element o of K is algebraic

over Q, that is, Q. is root of a polynomial with rational coefficients.

Definition 4 (Adjoining elements to Q).

Let 0.1, 0y, ...0L, be complex numbers. The smallest subfield of C containing Q and o1,00, ...0
is denoted by Q(04,0,...0t,). Such field always exists and it is the intersection of all sub-
fields of C containing Q and 01,03, ...0,,. We say that K is obtained from Q by adjoining

ap,00, ..., 0.

Definition S (Algebraic number field).

An algebraic number field is a finite degree field extension of the field of rational numbers Q.

Note: It is known that

1. Every field extension of Q) of finite degree is algebraic, and

2. Every algebraic number field is generated by a single element.

For example, it is easy to show that Q(v/2) = {a+bv2: a,b € Q}.

We have [Q(v/2) : Q] = 2, the basis of Q(v/2) over Qs [1,/2], and every element of Q(v/2)
is algebraic.

Another example: K = Q(v/ 5, v 5) This field is generated by a single element § = +/ 2+4/3.
The minimal polynomial of 8 is x* — 10x? + 1, and its conjugates are
0=12+v3,vV2—3,—v2+/3, and —v2 — /3. Thus, K = Q(\/E, \/§) =Q(0).

We have [K : Q] = 4, the basis of K over @ is [1,0,0?,83], another basis is [1,\/5, V3, \/6]
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Definition 6 (Cyclotomic field).

A cyclotomic field is a number field obtained by adjoining a complex root of unity to Q.

Definition 7 (Algebraic integer).
An algebraic integer is any complex number that is a root of monic polynomial with coeffi-

cient in 7.

For example, the rational integers are algebraic integers, the numbers a + b\/2 where
a,b € Z are algebraic integers, but perhaps surprisingly, unlike the rational integers, alge-
1+v/5

2

braic integers may have nontrivial denominators. For example, o0 = is an algebraic

integer because it is a root of x> —x — 1.

Definition 8 (Ring of algebraic integers in a field).

The set of all algebraic integers in an algebraic field K forms a ring denoted by Ok.

Definition 9 (Quadratic fields).

A quadratic field is an algebraic number field of degree two over Q. Every quadratic field

is of the form Q(\/ 3) where d is a square free integer other than 0 and 1. If d > O, the corre-
sponding quadratic field is called a real quadratic field, and for d < 0 an imaginary quadratic field

or complex quadratic field.

We are interested in the arithmetics in the rings of algebraic integers.

1.0.2 Ideals

Note: In this thesis we consider only commutative rings. In what follows we assume that

every ring under consideration is commutative.
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Definition 10 (Ideal).
Let (R,+,.) be a commutative ring. A subset I of R is called an ideal of R if (I,+) is sub-

group of (R,+) and for everyr € Rand x €1, rx € I.

Notation: / <R means that 7 is an ideal of R.

An ideal I of R other than R is called a proper ideal.

Multiplication of Ideals

Let I and J be two ideals of a ring R, the product 1J is the smallest ideal containing all the

products of elements of I with elements of J, that is

n

1J = {Z rkikjk|ik el,jreJ,neN,r ER}.

k=1
Notation: Let ay,...,a, be elements of a commutative ring R. The smallest ideal that con-
tains these elements is denoted by (ay,...,a,). Clearly we have

(aiy...,an) ={rai+---+rayriecRji=1...n}

Consequently, if I = (a1,b1),J = (az,b) are two ideals in R
then 1J = (alaz,albz,blaz,blbz).

An application of this formula is shown in the next example.

Example. Consider the ideal / = (2,1 ++/—5) in Z[v/—5]. We shall prove that I> = (2).
We have

P =2,14v=5)(2,1+v=5) = (4,2(1+v=5),2(1+v—5),—2(2— V/—=5)).



Chapter 1 3

Since every generator of 12 is a multiple of 2, we conclude that

(2,1+V-57 C (2).

On the other hand 2/—5 =4 —2(2 —/=5) € (2,1 ++/—5)?, and also
2 =2(14+/=5) —2y/=5. By combining these two equalities, we conclude that 2 € I? as a
linear combination of generators of I with coefficients from Z[v/—5].

Thus (2) C I?. Since we have showed above that /> C (2), we conclude that (2) = /2.

The situation in the ring of rational integers 7 is rather trivial. It is easy to show that every
ideal of Z is generated by a single element. For example,let I = (2) =27, and J = (3) = 37Z.
Then 1J = (2)(3) = (2 x 3) = 6Z. We see that in this case the ideals behave just like num-
bers. This was an initial idea to use ideals, especially in a number fields. As we will see

later, algebraic integers may not have unique factorization property, but ideals do.

Propostion 1. The ideals of the ring of integers of an algebraic number field form an Abelian
semigroup with unity.

It means that the multiplication is commutative and associative. The ring itself is the unity.

Definition 11 (Prime ideal).
A proper ideal P of an integral domain D* is called prime ideal if for all a,b € D, ab € P

impliesa € Porb € P.

* The definition of integral domain and its forms are discussed in the next section. Here

we note that Ok is an integral domain.

Definition 12 (Maximal ideal).

In a ring R, a proper ideal I is called maximal ideal, if there exist no other proper ideal J of
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R such that 1 CJ CR. That is if I CJ C R, then either [ =J or J =R.

Propostion 2. Ifp is a prime ideal in Ok then p(\Q = pZ. Hence p contains a unique prime

number p.
Proof. It suffices to notice that p( @ is a prime ideal in Z which is easy to prove. 0
Propostion 3. Every prime ideal of Ok is a maximal ideal of Ok.

Proof. Let p be a prime ideal in Ox. We know then that the quotient ring A = Ok /p is an
integral domain, that is, has no zero divisors. The ideal p is maximal if and only if A is
a field. Hence, it remains to show that every nonzero element of A is invertible, that is, if

o € Ok \ p then there exists € Ok, such that

(a+p)(B+p)=1+p.

Let f(x) =x"+ ¢y 1X™ ' 4+--- + ¢, be the smallest degree monic polynomial in Z[x], such
that f(a) € p. Such polynomials certainly exist, since o is an algebraic integer so, g(a) =

0 € p for some monic polynomial g(x) in Z[x]. We have o + ¢ o™~ +--- +¢,, € p. Thus

(o )+ =—cm .

Let p be the unique prime number in p. Then p cannot divide ¢,,, since otherwise we would
have "' 4+ ... +¢,,_1 € p because p is a prime ideal not containing o, but this contradicts
the fact that m was minimal. Hence, there are integers a and b < such that ac,, +bp =1

mod p. Let p = a(o™ 1 4. +¢m—1)- Then

(a+p)(B+p)=(of+p)=1+p

which finishes the proof. U

Note: Every maximal ideal in any domain is a prime ideal but the converse is in general false.

However as we have proved above, the converse is true in the ring of algebraic integers Ok.
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Propostion 4. If p is a prime ideal of Ok, and a b are ideals in Ok, then

pDOab=pDaorp>Db.

Further, if p D p1...pr, where all ideals p; are prime then

p = p; for some i.

Proof. The first part follows directly from the definition of prime ideal. The second uses the

fact that prime ideals are maximal. O

Theorem 1. Let K be an algebraic number field. Then every proper ideal of Ox can be

expressed uniquely up to order as a product of prime ideals.

Note: This s a very important theorem. In general,as we mentioned above, algebraic integers
do not factor uniquely into a product of irreducible (or prime) elements, but the ideal do.
This is the reason we are using ideals in studying algebraic number fields. The proof of this
theorem can be found in most textbooks on algebraic number theory, for example in ( [1],

Theorem 8.3.1).

Definition 13 (Fractional ideal).

Let D be an integral domain, and K be quotient field of D. A nonempty subset A of K with
following three properties:

I aBeA=a+pecA

2.a0c€A,reD=racA.

3. There exists a nonzero Y € D such that YA C D,

is called fractional ideal of D.

Note: For clarity, we will refer to ordinary ideals of D as integral ideals, so every integral
ideal of D is also a fractional ideal but not vice versa.

If A is a fractional ideal of D then
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A= %I , where 7 is nonzero and Y € D and [ is integral ideal of D.

For example, let

so A is a nonempty subset of QQ. Clearly A has properties (1) and (2). Also,
25A = Z so that (3) holds. Hence A is a fractional ideal of Z.

One more example, %Z is a fractional ideal of Z
The multiplication of fractional ideals is defined in exactly the same way as multiplica-
tion of integral ideals. However, while integral ideals form a semigroup, the fractional ideals

form a group. We have

Theorem 2. The set of fractional ideals of an algebraic number field K form an Abelian

group under multiplication.

Proof. The identity element is Ok as in the case of semigroup of integral ideals. It is easily
seen that the product of fractional ideals is a fractional ideal, their multiplication is commu-
tative and associative. However, the existence of an inverse ideal requires proof. We need to
prove that if / is a fractional ideal of K then there exists a fractional ideal J of K, such that
1J = Ok.

We will somewhat modify an expository paper by Keith Conrad ( [5]).

Suppose that / is a fractional ideal of K. Then for some y € K, Yl is a proper ideal of Og.
Consequently, Y/ = p1 ...p,, Where p;,i = 1...m are prime ideals. The next step is to show
that each prime ideal of Ok is invertible.

Let p be prime ideal of Og. Define p by

p={yeK:wcC O}
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Then this definition directly implies that p is a fractional ideal. Indeed, the closure under
addition or subtraction is clear, as is the closure under multiplication by elements form Ok.
Further, for any 8 from p, 8p C Ok.

We show first that p 2 Ok.

The inclusion p D Ok follows directly from definition of p. It remains to show the existence

of x € p\ Ok. For this, let x be any nonzero element of p. Then

(x) Sp.
Suppose that the ideal (x) factors as
() =d...q,
into a product of prime ideals.
If r=1 we get
p2(x) =4

But p and q; are maximal as prime ideals. Hence p = (x). Consequently, )l( €p, and }C ¢ Ok.
Suppose then that » > 2. Then (x) = q;...q, C q2...q, and by unique factorization of ideals
the inclusion is sharp. Therefore there exists y € q2...q, \ (x).

Now, we will use the fact that p 2 Ok to show that p is the inverse of p.

Pick x € p that is not in Ok. Then (x)p C Ok, so

pCp+(x)p C Ok.

Clearly, p + (x)p is an ideal. Since p is maximal, there are two possibilities:
L. p+ (x)p = Ok, and

2. p=p+(x)p.
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The first possibility gives

p—+ (x)p =p(Og + (x)) = Ok.

This means that p = Ok + (x) is the inverse of p.

It remains to rule out the second possibility. It implies that

xp Cp.

We will see later that every ideal has integral basis, that is there are elements o, ..., 0, of
p, such that every element of p can be uniquely expressed as a linear combination of these

elements with coefficients in Z. This gives

o 211 .-+ Zn| |01

oy Znl .-+ Znn Oy

This implies that x is an eigenvalue of the characteristic polynomial of the matrix [z;;]. This
polynomial is monic and so x is an algebraic integer in Ok, which is not the case.

We conclude that prime ideals are invertible fractional ideals.

Returning now to any nonzero fractional ideal / we know that Y/ is an integral ideal for
some nonzero Y € Ox. Hence Yyl = p; ...p, is a product of prime ideals which are invertible.

Therefore

is a fractional ideal that is the inverse of /. [

Definition 14 (Norm of ideal).

Let I be a nonzero (proper) ideal, then norm of I is defined by

N(I) = |0x/1| = [0k : 1.
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Thus, the norm of a non zero ideal I of a ring Ok is the size of finite quotient ring Ok /1.

The norm of the zero ideal is taken to be zero.

Propostion 5. If J is an ideal in Ok then N(J) = |Ok/J| is finite.

Proof. In Section 1.0.4 we prove [Theorem 4] that Ok has an integral basis. Let [K: Q] =n
and {0,00,...,0,} be such a basis. It is easy to show that JNZ is an integral ideal in Z.
Since Z is PID, there exists a positive integer a, such that JNZ = (a) and obviously (a) C J.
There exist natural homomorphism ¢ : Og/(a) — Ok /J defined by ¢(x+ (a)) = x+J.
Clearly, ¢ is onto. It is suffices to show that Ok /(a) is finite.

Ok = {mo +ma0y + -+ +mu0y|m; € Z,i=1,...,n}.

Every element of () is multiple of a, so

(a) = {mio; +mp0ty - - - + mu0y|m; € Z and a|m;}

because if m 0] + moQy - - - + m, A, is multiple of a then

Mo +myQy - -« + my0y = a(mjoy +mho + - - - 4,0,

= amj o +amy0 + - - - + am;,0t,

by linear independence of basis, we conclude that m; = am, for each i = 1,2,...,n,

we conclude that (a) has a” cosets in Ok, because there are a residues for each m; modulo a.

O

Later we will state an equivalent definition of the norm of an ideal in another form.

Note: It is not difficult to prove that the norm is multiplicative, that is N(1J) = N(I)N(J).
Also N(J) = 1 if and only if J = Ok. This implies the following

Propostion 6. If norm of an ideal is a prime number, that is, N(J) = p, then J is a prime

ideal.

Proof. If J = LM, where L and M are ideals, then N(J) = N(LM) = N(L)N(M) = p. Hence
N(L) or N(M) = 1. This implies that L = Og or M = Ok. Therefore J is irreducible, hence

a prime ideal. O
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In order to define a norm of an element we need some preliminary notions.

Let K be an algebraic number field. An embedding of K into the field of complex num-
ber C is a homomorphism of K into C. We know that K is generated by a single algebraic
element 0. Suppose that deg® = n, so 0 has n algebraic conjugates including itself. Let
0 =01,0,,...,0, be these conjugates.

If 6: K — C is an embedding then G is an isomorphism of K onto 6(K). Each such isomor-
phism is completely defined by the value of 6(6) which must be one of the conjugates 6;.
There are exactly n such embedding, so we have n embedding 61, 06>, ...,G, with 6; = 0; for

alli=1,2,...,n.

Definition 15 (Norm of an element).

Let K be an algebraic number field and let 61,02, ...,06, be a complete set of embeddings of

K into C. If o € K then Nk qo. is defined by

Ny jl0t) = ﬁci(oc>~

Note : If [K : Q] = n, & € K and dega = m, then [Q(ct) : Q] = m, and m|n because

K:Q]=[K: Q)][Q(a) : Q).
Ifo; =o,05...,0, are conjugate of o then

n
m

Nk/q(a) = (ﬂog)

because, it can be shown that each conjugate o; will occur the same number of times among

c1(a),02(a),...,0,(qt), that is 7 times.
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Corollary 1. In the case when . € K, [K : Q] = dego. = n we get

N(OL) =010 ...0,

where 01 = O, 0, ..., 0L, are the conjugates of O.
The situation is easy when K is a quadratic field.

Corollary 2. Let o be element of a quadratic number field K = Q(\/E ). Then there are ex-
actly two embeddings &1, and 6> of K into C, given by 61(v/d) = Vd, and c2(v/d) = —/d.

Ifo=a+ b\/d then the norm of o equals
N(a) = o1 (a)o2 () = ad,
where we denoted G(a.) by Q.

If o ¢ Q then Q. is its algebraic conjugate, if o € Q then 0. = O..

Thus we have N(a+bv/d) = a*> — db?,
N(2) =4becausea=2,b=d =0,
N(v/10) = —10 because a = 0,b = 1,d = 10

Definition 16 (Principal ideal).

A principal ideal is an ideal I in ring R that is generated by single element a of R,we write I = (a).

We have I = {ra:r € R}

For example, for positive integer 5 the set

57 = {0,45,%10,...}

is an ideal of Z and 57 is principal ideal generated by 5 (or—5) so that
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Propostion 7. Principal fractional ideals form a group under multiplication.

1t is a subgroup of the group of fractional ideals.

Proof. Let K be a field, I and J be principal ideals. Principal ideals are a subset of the
fractional ideals, it is sufficient to show that / and J are closed under multiplication and
inverse. Since [/ and J are principal ideals,

al = (b),cJ = (d) for a,b,c,d € Ox where a,c # 0.

[ is multiple of }5’, and J is multiple of % and their product 1J is multiple of %, which is again
a fractional ideal thus closed under multiplication.

I~ is multiple of % which is again a fractional ideal thus closed under inverse. U

1.0.3 Domain

Definition 17 (Integral domain).
An integral domain is a nonzero commutative ring in which the product of any two nonzero

elements is nonzero.

Definition 18 (Unit in an integral domain).
An element u of an integral domain D is said to be a unit if there exist some element u™"

such that uu=' = 1.

Definition 19 (Irreducible element in an integral domain).
An irreducible element of an integral domain is a nonzero element that is not invertible and

is not the product of two non invertible elements.

Definition 20 (Prime element in an integral domain).
An element p is said to be prime element of an integral domain D if p # 0, p is a nonunit

and if p|ab then either pla or p|b for a,b € D.
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Unique factorization domain or UFD

Definition 21 (Associate element).
Two elements a and b in an integral domain D are called associated if b = au, where u is

unit in D, then a = bu™".

Example. In Z, we have

30=(2)B3)(5) = (=2)(=3)(5) = 2)(=3)(=5) = (=2)(3)(=3)-

The elements 2 and —2, 3 and —3, 5 and —5 are associated elements.

Definition 22 (Unique factorization domain).

An integral domain D is called unique factorization domain, or UFD, if every nonzero,
nonunit element a of D can be expressed as product of irreducible elements and a every
two such factorization the number of factors is the same and corresponding elements are

associated.

For example, Z is UFD. This is known as the fundamental theorem of arithmetic.
Note: If ajay...a, = b1by...b, and q; is associated with b; for each i = 1,2,...,n then
b1 = ayuy ...b, = ayu, with units uy,uy, . ... u, then
biby...by = (wua...up)ayay...a, =vaiay...ay,
so we say that D is UFD, if every nonzero, nonunit element of D can be written in a unique

form ¢ = vajay...a,, where v is unit in D and ay,ay, ..., a, are irreducible elements of D.

Definition 23 (Principal ideal domain).
A principal ideal domain, or PID, is an integral domain in which every ideal is principal i.e.

can be generated by a single element.

Propostion 8. Suppose that a principal ideal domain R is not a field. Then an ideal I = (p)

is maximal if and only if p is an irreducible element.

Proof. (=) LetI = (p) be a maximal ideal.

If p =0 then (0) would be the only proper ideal in R. This implies that for any p # 0 we
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have (p) = R which implies that for some s € R, sp = 1, so every nonzero p is invertible and
R is a field, against our assumption. Similarly, p cannot be a unit, because then p—! € R, and
1 =p~!pel, sol =R, which is not the case.

Now, suppose that p = ab. Then a|p. Hence (p) = pR C aR = (a).

However [ is a maximal ideal, hence either I = aR or aR = R

Suppose I = aR then a € P, because 1 € R. Hence a = pq with some g € R.

We getp = ab = pgb. Since the cancellation law holds in a domain, we get 1 = gb. Hence b
is a unit.

Now suppose that aR = R. Since | € R, we get 1 = as, with some s € R. Hence, a is unit.
So in both cases, p = ab cither a is unit or b is unit,

Thus p = ab implies that a or b is a unit. Therefore p is irreducible.

(<) Let p be an irreducible element of R.

Then (p) # R, since (p) = R would imply that p is a unit.

Suppose that (p) CJ C R. Now, J is an ideal in R, but R is a PID, so J = (g) for some ¢g € R.
This implies that ¢|p. However p is irreducible, so p = gs, where s is a unit of R. Then

(p) = (¢s) = Rsq = (Rs)q = Rq = (q), which proves that (p) is maximal. O

We are going to prove now that every PID is a UFD ring. The next proposition is the first

step in this direction.

Propostion 9. In every PID the ascending chain of ideals

(a1) C (a2) C (a3)...

stabilizes, that is (a,) = (am) for all n > m, staring at some m. This is called the ascending

chain condition on principal ideals.

Proof. 1If (a1) C (a2) C ... is an ascending chain of ideals in R, let A = |7~ (a;). We claim

that A is an ideal. Suppose a,b € A, then a € (a;) and b € (ay), for some j,k > 1. Either
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Jj>kork> j,suppose k > j. Then (a;) C (ax), so that a,b € (ay). Since (ai) is an ideal
we know that a — b € (a;) C A and ra € (a;) C A for some r € R. Therefore, A is an ideal
and R is PID, A = (c) for some ¢ € R. Since A = J(a;), we know that ¢ € (a,) for some n.
consequently, (¢) C (a,) and foreach i > n

(an) € (@) CU(ar) =A = (c) C (an)

Therefore, (a;) = (a,) for each i > n.

]

Corollary 3. Let R be a PID ring. Then every nonzero nonunit element a is divisible by an

irreducible element.

Proof. Let a; be nonzero nonunit element of R, and let I = (ay).

If I is a maximal ideal then q; is irreducible, so a;|a;, and we are done.

If 7 is not maximal then there exist an ideal /> € R such that Iy C I, C R.

If I ia an ideal of R then I = (a;) with some a; € R.

If I; is maximal then a; is irreducible (a;) € (a2) = az|a;.

If I; is not maximal then there exist an ideal /3 € R such that , C I3 C R, and a3 | a;.

By the previous proposition this process must stop at some maximal ideal (a,,). Then a,, | ay,

and a,, is irreducible. O
Corollary 4. An element in PID is prime if and only if it is irreducible.

Proof. Let R be a PID, and p a prime element in R.

Suppose that p = ab with a,b € R. So p|ab. Since p is prime element, then p|a or p|b.

If p|a then a = pm, for m € R. So p = pmb. Hence p — pmb = 0 and p(1 —mb) =0, but p
is nonzero, so 1 —mb =0, mb = 1 and b is a unit.

Similarly, we can show that a is unit if we start with p|b. Thus p is irreducible.

Conversely, suppose p is irreducible and p|ab.

Let (p) be the ideal R generated by p. By Proposition 7, (p) is maximal ideal because p is

irreducible. Every maximal ideal is a prime ideal. Now, p|ab implies that ab € (p). Since
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(p) is prime, we conclude that a € (p) or b € (p). Thus a|p or p|b. Therefore p is a prime

element. O
Corollary 5. Every nonzero, nonunit element in PID is product of irreducible elements.

Proof. Suppose there exists a nonzero nonunit element a € D, which is not a product of
irreducible elements.

Then a = bicy; where by, are nonunits.

Now either b; or ¢ cannot be written as a product of irreducibles, say b; = d is one which
cannot be. Then d is reducible and d; = brc, where neither by nor ¢ is a unit. Now either
by or ¢ cannot be written as a product of irreducibles, let us say that b, = dj is this element.
Note that (d;) C (d2).

Now the element d> is reducible d» = bzcs, where neither b3 nor c¢3 is a unit and either b3 or
c3 (assume b3) cannot be written as product of irreducibles. Set d3 = b3.

Now (d1) C (da) C (d3), continuing in this way, we can construct a strictly ascending chain

of ideals, this is not possible by Proposition 9 O

Theorem 3. Every PID is a UFD.

Proof. Let R be PID.

Let a be a nonzero, nonunit element of R.

By Corollary 5, a is a product of irreducible elements.
Suppose thata = p1p>...pm = q192 . . . gn,Where

each p; and g; are irreducible elements.

Now we show that p; is associate of some g; and m = n.
Suppose that n > m.

Now p1la, so p; divides one of the elements q1,92, .. .,¢n
By Corollary 4, p; is a prime element, since it is irreducible.

Without loss of generality,
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suppose that pi|q;. Hence g = p1x;, with some x; € R
But g is irreducible, so x; must be unit.

Now a =pi1pa...Pm=q192...q, implies that
P1P2-..Pm = P1X142-..Gm- SO

Dp2D3 .- Pm =X1q2 .. .qn.

By applying same argument to p; and g we get
D3P4 - Pm = X1X243 .. -qn,- - -

By proceeding like this, at the end we get

Il =x1x2. . . XmGm+19m+2 - - - qn-

1= (x1%2. .. XmGm+1- - Gn—1)qn>

which implies g, is a unit, a contradiction.

Thus n % m. Similarly we show that m % n, so m = n. Further p; and g; are associated.

Note : The converse is not true, i.e. every UFD is not a PID.
For example, consider the ring Z[x] . The ideal (2,x) is not principal: suppose (2,x) = (a)
for some a. Since this ideal contains the even integers, a must be some integer and in fact it
must be 2. But (2) does not contain polynomials with odd coefficients, so (2,x) # (2).

However, Z[x] is UFD ring, which can be shown by Euclidean algorithm.

1.0.4 Integral basis

Definition 24 (An integral basis of Ok).

A set of algebraic integers 01,00...0 € K is called integral basis of Ok if every algebraic
integer Y € K can be written uniquely in the form

Y=Db10q + byt + - -+ b0,

where by,b;,...bs € Z.

We also refer to an integral basis of Ok as an integral basis of K. In a theorem below we

prove that every algebraic number field has at least one integral basis.
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Let K be an algebraic number field and [K : Q] = n. Then K = Q(0) for some 6 € K. Let
G1,02,...,G, be the embedding of K into C, and 6; =6, fori=1,2... n,6=06,,0,,...,6,

are the conjugates of 0.

Definition 25 (Discriminant of an element).

Let 01,00, ...,0, be elements of K. Their discriminant is defined by

oi(o) or(o2) ... or(oy)
D(a,00,...,0,) =
on(0) op(02) ... Gu(04)
It can be shown that D(o, 00, ...,0,) # 0 if and only if oj, 0. . ., o, are linearly inde-

pendent over Q.
Theorem 4. Every number field has an integral basis.

Proof. We will follow the exposition from ( [10], Section 2.4). Let [K : Q] = n and suppose
that oy, 0 . . ., 0, be a basis of K over (). By multiplying these elements by appropriate non
zero integers, we can obtain another basis whose elements are algebraic integers.

Hence in what follows we assume that oy ..., o, are algebraic integers. We shall prove that
a basis with algebraic integers which has the smallest discriminant in fact an integral basis.
Suppose that ¢, ..., 0, has the smallest discriminant and for a contradiction, suppose it is
not an integral basis of K. It means there exists an algebraic integer o € K that is not linear
combination of & ..., o, with integral coefficients, since o ..., 0, is also basis over @), we
have

o =10 + -+ ¢, 0, With cq,...,c, € Q and at least one of ¢; is not an integer. Without
loss of generality, suppose that ¢; € Z. Then ¢ =aj +r withsome a; € Cand 0 <r < 1(r
is the fractional part of ¢)

If we replace o by .—aja; = ra + - - - 4,04, We obtain another basis {a.—ajo, 0, ..., 0, }

of K over Q.
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2
I’Gl(OL]) 01(062) GI(OLn)

0#D(a—ajo,0...,0,) =
rop(a) ou(az) ... ou(0)
The last matrix is obtained by subtracting ¢; multiple of the i-th column for i =2...n

from first column.

We obtain a contradiction because
2
D(o—aoy,...,0,) =r'D(oy,...,0,) < D(d,...,0,).
Therefore, {a.,...,0,} is an integral basis of K.

O

Theorem 5. Let K be a quadratic field Q(\/E ). Ifd =1 mod 4 then an integral basis of K
is {l,iz‘@}, otherwise it is {1,v/d}.

Proof. Let d be a squarefree integer. Let o € Q(+/d). Then o can be written as o, = ’ﬂt@,
where r,s,t are integers with ged(r,s,f) = 1 and r > 1, and if o is an algebraic integer then o

satisfies

with =2, 2=£d ¢ 7,
So t|2r and #?|r> — s°d also (r,s,t) = 1.

We shall show that (¢,7) = 1. Suppose (¢,r) = m.

Then m|r and m?|r? — sd, hence m?|s’d.

Further, m|r so m?|r?. Together with m|r? — s?d this gives m?|s’d.
But (m,s) = 1 because (r,s,t) = 1.

It follows that m?|d, however d is a squarefree integer. Hence m = 1.

Now #|2r implies 7|2, thus either r = 1 or 2.



Chapter 1 22

If r = 1 this will yield the element of Z(v/d).
The case t =2 can only occur if 4|r2 —ds?. Then d must be a quadratic residue modulo 4, and
since d is squarefree we must have d =1 mod 4, and also r =s mod 2. Thus o = #

with r =s mod 2. This yield an integral basis

U57)
ol 2 *

Ifd # 1 mod4 we must have r = 1, so 0. = r+sv/d. Hence {1,V/d} is an integral basis in

this case. O

Definition 26 (Free abelian group).

An abelian group G is called free abelian group of rank n if there are n elements 01,0, . .., 0y
in G such that G = 7.0 + Z0p + - - - 4+ Z, and every element p of G can be expressed
by unique linear combination of the form p = m{o +myQy + - - - + m,0,, m; € Z for i =

1,2,...,n.

Theorem 6. Let [K : Q] = n and let J be a nonzero ideal of O. Then J has an integral basis

of n elements.

Proof. We have shown that Ok has integral basis. Let {ot1,0l, ..., 0, } be such a basis. Then
Ok =70y + 7o+ -+ Zo, = 7. We say that {Ok,+} is free abelian group of rank n.
It is known that every subgroup H of a free abelian group G is also free a abelian group.
Further, if A has finite index in G than rank(H) = rank(G). We have proved that [Ok : K]
is finite, therefore, J is free abelian group of n elements. So J has integral basis with n

elements. O

Lemma 1. Let J be a nonzero ideal of Ok. Suppose that {c.1,04,...,0,} is an integral basis

of Ok. Then for every i,1 < i < n, there is a positive integer m; such that m;0; € J.

Proof. By Proposition [5], we know that [Ok : J] is finite. Consider an infinite sequence of

cosets
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o;+J, 20 +J, 30, +J ...

Since [Ok : J] is finite, there are positive integers r and s, r < s such that ro; +J = sot; +J.

Hence, (s —r)a; € J and proposition follows with m; = s —r. O

Direct and constructive proof of the fact that every nonzero ideal J of Ok, for
[K : Q] = n has an integral basis with » elements.
The following Lemma provide a constructive proof of the existence of the integral basis of a

nonzero J of Og.

Lemma 2. Let J be a nonzero ideal of Ok. Then J has integral basis with n elements of the

form
Br =m0 + 1200 + -+ + €150k,
B2 = ma0 + €230 + -+ + €200,
Bn = MmOy,
where all c;; are integers and my,my, ..., m, are positive integers.

Proof. We construct 3; successively, starting with 3;. Consider the set of elements of J of

the form

S1={kiog + ka0 + - - - + knOylky > 0,k; € Zyi = 1,2,...,n}.

By Lemma [1], S1 # ¢, because m;0 € Sj.
Choose B; from S to be any element whose coefficient k; of o is the smallest. Let

By =m0y +c1p00 + - -+ c1,0,. Then m divides all coefficients k; of elements in S;. This
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is because J is closed to linear combinations with integer coefficients. Euclidean algorithm

to find the greatest common divisor m;. Then consider the set of element in J of the form

Sz = {ka0lz + k303 + - - - + kOl k2 > 0,k; € Z,i = 2,3,...,n}.

Again Sy # ¢ because my0 € S,. Let again my be the smallest coefficient k; for all elements

in S». We continue this process, until we determine all elements 1,83, ..,B,.

Claim : {B1,B2,...,B,} is integral basis of J.

Proof. Let B =bja + b0+ -+ b0, € J with by, by, ... b, € 7.
Then by is multiple of my, say by = zym. Then B—z1B; € S1, B—z1B1 = b2/ 0o + -+ -+ b,/ 0.
Now, by’ is multiple of my, say by’ = zomy. Then p—z(B1 — 2B, € 5>, etc.

At the end we get,

B—ziP1—z22Br—--—zPu=0.

Moreover, the set {1, B2, ..., B, } is linearly independent over Z. This is because {01, 0, ..., 0, }
is linearly independent.
Ifcll31 —i—Czﬁz—i----—i-Can = 0 with ¢1,¢2,...,¢c;, € Z.

Then ¢; = 0 because o) occurs only in By,

then ¢ = 0 because oy occurs only in 3, etc. O
Lemma 3. We have |Og/J| = mymy; . ..my,, where my,my, ..., my are defined in the previous
lemma.

Proof. 1t suffices to show that the set of cosets of the form

ridy +r0p + -+ 0+ J, (L.1)

where O < r; <mj; foreachi=1,2,...,n,

is a complete set or distinct cosets of J in Ok.
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Completeness :

Let zjot1 + 2200 + - - - 4+ 2,04, +J be any coset of J in Ok

Elements, B1,B;...,B, are in J.

We have z; = kim; 4+ r; with 0 < r; < m.

Then z10; + 2200 + -+ + 2,0, +J = 2100 + 2200 + - + 2,00, — k1B +J

riog +z1'o 4+ 4z 0+ J.

By successively interacting an appropriate multiple of B;, i = 1,2,...,n, we get

2100 + 220 + -+ 2,0, +J =10 + 10+ -+ 10 +J with0<r; <my, i=1,2,....n
These show the completeness of the cosets in (1.1).

Now we show that all cosets in (1.1) are distinct.

Suppose that rioi; + 00 + -+ 1,0 +J = 510 + 85200 + - - - + 5,0, +J where all 0 < r; <
mi, 0 <s;<m;fori=1,2,...,n

Then (r; —s1)0t + (r2 —$2)0 + -+ + (1, — 5,y € J.

This implies that r; — sy is multiple of m;, but |r; —s1| < m, hence r| = sj.

The we show successively that r; = s;, by considering i = 2, then 3, etc. U
This leads us to the following

Theorem 7. Let J # {0} be an ideal of Ok.
Then N(J) = |0g /] = /2B:82-B)

A(0,00...,06)

where {0,0,...,0,} is integral basis of Ok, and {P1,B2,...,Bn} is integral basis of J.

Proof. The particular form of B1,B,,..., B, corresponds to

B1 m €12 €13 ... Ciaf| [O4
B2 0 my ¢33 ... cou| |02

— . (1.2)
Bn 0 ... ... 0 ml| |oy

We note that |Og /J| = mj ...my is the determinant of the matrix in (1.2). Let call this matrix

B. U
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Claim : If {B,’,...,B,} is any integral basis of J, and

By o
!/
2 (€9)
p .
p’ 0y

with integral matrix A, then |detA| = |detB|.

Proof. Since {By,...,Bn} and {B1’,...,B,’} are both basis of J then there exist integer ma-

trices M and M’ such that

By’ B1 Bl- | B'-
B’ =M P2 and b =M g
B’ B B p’

with -integer matrices M and M’ , We conclude that MM’ = I, linear independent of {B1,...,B,}.

Note that det(MM') = det(I) = 1. Since M and M’ are integer matrices, this implies detM =

detM’_: +1. L o o o o
By o B o oy oy
B’ 2% R | B2 %) o2 5]
Now =A implies that M =A = M'B =A
By o, Bn e e e
B o
. |B2 0 o .
We have proved that if =C , where C is an integer matrix then |Ok /J| = | detC]|
Bn] | O]
Now suppose that {B1,B2,...,B.} is an integral basis of J and
B o
B2 o o :
=C , where C is an integer matrix.

Bn Oy
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ci(P1) ci(oi)

O; (P2 O; (0
Then i(P2) =C il ),foranyembeddingciofKintoC.

_Gi(Bn)_ ci(ay,)

c1(B1) ©2(B1) ... ©a(B1) ci(ou) oa(a) ... ox(a)

Weget GI(BZ) Gz(Bz) Gn(f)z) _¢ (51(0(2) 62(062) Gn((Xz)

_Gl(Bn) o(Bn) .- on(Bn) 61(0) ©2(0) ... On(0y)

By taking determinant and squaring we get
APBi,...,Bn) =det(C)> A (ay,...,0)
We proved above that |detC| = N(J). Hence

1.0.5 Examples of calculation of integral basis of ideals and their norms

Propostion 10. If o is a generator of an ideal J then N (O) is in J.
Q

Proof. Suppose that o is an algebraic integer of degree m, and let
X"+ a1 X" -+ ap € Z]x] be its minimal polynomial. Then

aO:(_l)mN%ﬁl(O‘):_am—lam_l—'“—mOCEJ. O

Corollary 6. If J = (061,062.‘.,0616) l‘hend=gcd(Nmu,...,NQ_mk_)) cJ.
Q Q

Hence if d = 1 then J = Ok and N(J) = 1. The integral basis of J in this case is just
integral basis of Ok.
Example 1 Let O be ring of algebraic integers of K = Q(+v/7) and let J = (3 +5v/7,5 — 9v/7).
We have N6(3+5\/7) —9-25%x7=—166,
and N (5 — 9v/7) =25—81 x 7= —542,
ged(—166,—542) =2(83,271) =2,
hence J = (3+5v/7,5—9v7) = (3+5v7,5—-9V7,2)
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=(1+vV7,1+v7,2) = (1+1,2).

Since the integral basis of Ok is (1, \/7 ), we can take 1+ \/7 as the first element of an inte-
gral basis of J. Further

J={(a+bvT)A+VT)+ (c+dvVT)(2)|a,b,c,d € Z}

={(a+7b+2¢)+ (a+b+2d)V7}.

We just need the second element, which is multiple of V1.

Soa+7b+2c =0 and |a+ b+ 2d| is minimum # 0.

Hence a = —7b—2c and a+b+2d = —7b—2c+b+2d = —6b—2c+2d =2(—3b—c+d).
Since ged(—3,—1,1) = 1, we get 24/7 as second element. Therefore the integral basis of J

is {1+1/7,2v/7}. Note also that {1++/7,2} is also such basis, because

1+7 1 0| [1+v7 1 0
= and det =1
2 2 1 2/7 3 —1
2
147 2
A(1++7,2) = =16x7, AK)=4x7
1-v7 2

SoN() =/ =2

Example 2 Let K = Q(v/11) and J = (3+7/11,5+8V/11).
Nx (347/11) = —530, N%(5+8m) = —679

(679,530) = 1. Hence 1 € J, s0 J = O.

The integral basis is {1,v/11} and N(J) = 1.

Example 3 Let K = Q(v/11) and J = (3+ /11,6 +9/11)
N

B~

(3+7v/11) = —530 and N (6 +9V/11) = —855.
J={(a+bV11)(3+7V11) + (c+dV11)(6+9V11)|a,b,c,d € Z}
= {(3a+77b+6c+99d) + (Ta+3b+9c+6d)V11|a,b,c,d € Z}.

Ol

First element: ged(3,77,6,99) = 1. Take b=2,a= —51,c =d =0,
we get 1 +(7(=51)+3(2))v/11 =1-351y/11.

Second element: 3a+77b+6¢c+99d =0 =a = _T”b —2c¢—33d,
let b=3k,a= —7Tk—2c—33d.
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Now 7a+3b+9c+6d =7(—77k —2c —33d) + 9%k +9c + 6d

= 530k — 5¢ —225d, ged(530,5,225) = 5.

Hence the second element is 5v/11. The integral basis is (1 —351+/11,5v/11) or simpler
one (1—+/11,5V/11).

2

1-V11  5V11
A(1—=+/11,5V/11) = =100 x 11.
1+V11 =511

d(K)=4x11,N(J) = \/@:5.

Example 4 Let K = Q(\/17), J = (3 —2V17,34+9V/17).

The integral basis of Ok is {1, mz@} because 17 =1 mod 4.

We have 3 —2v/17 = 5 —4(AY17) and 34+9v/17 = —6 + 18(1H17),

Let { = M7 then (2 = {+4 and J = (5 — 4§, —6+ 180) = (5 — 4, — 1 + 14()

= (1—14E,660).

SoJ = {(a+bE)(1—148) + (c+dL)(660)|a,b,c,d € 7}

= {(a— 14b+264d) + (—14a — 13b + 66¢ + +66d)C|a,b,c.d € Z)},

then a = 14b —264d and —14a — 13D+ 66¢ + 66d = —14(14b — 264d) — 13b + 66¢ + 66d
= 209D+ 66¢ +3762d.

Since ged(209,66,3762) = 11, we get 11 as the second element. we get basis of J
as {1—14¢,11¢}.

Another basis is {1 — 3, 11{} and N(J) = 11.
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Units

Definition 27 (Unit).
If a is an element of the ring of integers Of of an algebraic number field F, a is called a unit
if there exist a nonzero element b in O such that ab = 1. Or may contain an infinite number

of units.

Theorem 8. (Dirichlet’s unit theorem) Let K be an algebraic number field of degree n. Let r

be the number of real embedding of K into C and 2s the number of complex embedding of K.

Then Ok contains r+ s — 1 units €1,€>...€.45—1 such that each unit of Ok can be expressed
Snr+s—l

uniquely in the form perl" T AN where p is a root unity in Ox and ny,...ny4s_1 are inte-

gers.

2.0.1 Units in quadratic number fields

Dirichlet’s unit theorem allow us to describe all units in quadratic number fields Q(\/E ). All
unis have the form € = C"n’l“n’;2 L,

where { is a primitive root of unity in Q(v/d).

Whend >0ie. K= Q(\/a) is real quadratic field, r =2,s =0,t =r+s— 1 = 1. We get

30
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e=({mt =40,
because { = —1 is only real primitive root of unity Og. Thus, every real quadratic field has

infinitely many units. The unit 7 is called the fundamental unit in Okg.

For example;
Ifd =3,
=>r=2s5=0t=r+s—1= 1, then € = 2+ /3.
Ifd =-3,
=r=0,s=1,t=r+s5s—1=0,thene = :I:(%E)”, where n =0,1,2.

2.0.2 Fundamental unit

Theorem 9. Let d > 1 be a squarefree integer, and K = Q(+/d).
1. Then in Ok exists the smallest unit M that is greater than 1, N > 1.
2. Every unit of Ok is the form u = 0" with n € Z.

Proof. 1. Ifd# 1 mod4 then Og = {a+b\/d|a,b € Z}.
Ifd=1 mod4 then Og = {@%@ ca=b mod2,a,beZ}.
We will restrict the proof to the case d 1 mod4. The proof for d =1 mod4 is
almost the same and we will skip it.
Let U be the group of units of Ok, and define
S={ucU:u>1}, S.={ueS:u=a+bVd,ab>0,a,bec 7}, and
S_.={ueS:u —a+byVd,ab<0,a,b€e Z}.
Then S =S, US_.
We shall show that there are no units > 1in S_.
For this suppose thatm > 1isin S_. Thenn =a+ bv/d and ab < 0. Letﬁ —a—bvVd.

Then N = a2 — b%d = +1, because it is a unit in Z. Hence ! = £1. Now, a(—b) >
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0, so N~! = |a| + |b|v/d. However n~! < 1. This leaves the only possibility that
N = |a|, a contradiction.
We conclude that all units n > 1 are in S. Clearly S has the smallest unit n > 1

because a and b are positive integers. Therefore, the smallest unit 1] > 1 exists in Ok.

2. Now we prove that unit in Ok is of the form u = +n" with n € Z.
Consider first case u > 1. By the choice of 1, we get u > 1 > 1. There exists a positive

integer n, such that

Hence, n > ﬂ_u” > 1. By the choice of 1, we conclude that % =1,sou=n".

Now consider the case 0 < u < 1. Then u~! > 1, and we get u~! = 1" with a positive
integer n,sou =m"", —n € Z.

Finally, the case u# < 0, can be reduced to previous case by considering the unit —u > 0.
Clearly, —u =n" with same n € Z.

Therefore, every unit in Oy is of the form +n", n € Z.

(Trivially, it is also true for u = +1)

Definition 28 (Fundamental unit).
Let d > 1 be a squrefree integer and K = Q(\/E) Then the unit M > 1 described in the

Theorem 9 is called the fundamental unit of K.

The fundamental unit of K = Q(+/ 3) can be found by expansion of v/ d into a continued

fraction.
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a;,i=1,2,3... are defined by ag = | V/d |, xo = ag — | V'd| = {v/d} = fractional part of /d.
If a, and x, are already defined, then we define @, | = [xln] and x| = {xln}
The continued fraction for any irrational number is infinite. For brevity we write

Vd = [ao,a1,a2,a3,...], rather then writing compound fraction. In 1770, Lagrange proved

that continued fractions for quadratic irrationalities are always periodic.

In case of \/d we get

Vd = lag.,ay,az,...,a;,a1,a2,a3,...] = [ao., a1, a2, .-, a1]

which means that aj,as,...,q; is the period of the expansion and [ is its length.

The finite part [ag;ay,az,...,a,] of infinite continued fraction can be simplified to a rational
fraction

%f = [ao;a1,a2,...,a;] where n,, k, are relatively prime integers called convergents of the
fraction.

Example V8= [2;1,1,4]

h

B — 2-1-1—3
h _ 5
k2_2+1+1 2
h

The formula for the fundamental unit 1 is determined by ;1 and k;_; where [ is the length

of the period of continued fraction for V/d. The details are given in [1] as follows.

Propostion 11. Let d > 1 be squarefree integer, K = Q(v/d), and suppose that |ag;aras ... ;)

is the continued fraction expansion of v/ d. Denote the Sfundamental unit of K by 1. Then

1. Ifd#1 mod4ord=1 mod8 thenn =h_ +k_1\/d.

2. Ifd =5 mod 8 and there are positive odd divisors A of hj_1 and B of k;_1, such that
A< 2h; . and B < 2(*54)3 and A3 4+ 3AB2d = 8h;_| and 3A>B + B3d = 8k;_ then
n= A—"'TL otherwise M = h;_1 —l—kl_lx/g.

In either case N(m) = (—1)’.
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Determining the fundamental unit 1 of OQ( Va) for positive squarefree integer d.
Stepl: hoy =1,k =0,
Py=0,00 = l,a0 = [Vd],ho = [Vd],ko = 1.
Step 2: Calculate P, Oy, an, hy, k, forn=1,23....

By = —Pyi +@—iQn1,8=1,2,3...,

0, = ’gfln—123

n_[Pn+f] —1,2,3..

hy =azh, 1 +hy,_2,n=1,2,3...,

ky, = apnkn_1+kyn_o2,n=1,2,3...,

Stop at N'* step when Py = P;,Qy = Q.

Step 3: Put/ =N —

Step4: If d =2 mod4,d =3 mod4,ord =1 mod 8 then

N ="h_i+k_1Vd,Nn)=(-1)

Step 5: If d =5 mod 8 find all positive odd divisor A of & less than 24, s " and all positive
odd divisor B of k;_ less than 2(k;_; /m)'/3. If for some pair (A, B) we have
A3 +3AB%d = 8hy_,3A2B+ B3d = 8k;_;

then

n =452 N () = (-1);

otherwise we have

N =h_1+k_1Vd,Nn)= (1)

For example,

Suppose d = 13 50 13 = 5(mod8) and v/13 = 3.6055

0L0=\/1_3.

G ——L 1 1L /1343 _ 3413
1= ap—[og] — V13-3 ~ V1331343 4

Gy — —Lt—— — 4 4 Y13+ _ 1413
27 oy —fou] — 3 3 ~ V131131 3

e — L — 1 3 /1342 _ 2413
37 wp—[og) L3y ~ V132 V13+2 3

1 1 3 V1341 _ 1413

04 = o] = 2/l ~ V3-1/13+1 4
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e— 1 1 4 V343 _ 3+/i3
5= wfoa] T Iy V33 V1343 1

oe—=—L — L 1 V133 _ 313 _
6= as—[os] ~ 3+v/13-6  vV13-3 V1343 4 1

ap=[0p] =3,a1 =[oq] =1l,aa =[] = l,a3 = [o3] = 1,

as = [oy] = 1,a5 = [0s] = 6,a6 = [0g] = 1.
h_y=1,ho =3,hy = ayhy—1 +hy—2
hy = aihg+h_ =4

hy =ayh+hy=17

hy =azhy+h; =11

hy = ashz +hy =18

hs = ashs +hz =119

he = aghs + hq = 137

k_1=1,ko =1,kn = ankp—1 +kp—2
ki =aiko+k_1=1

ko = ark) +ko=2

ks =azky+k; =3

ks = asks+kr =5

ks = asks + k3 = 33

ke = acks + ks = 38

P13
an=""g,

N=6I=N—-1=5h_,=18,k_, =5,
1/3

Aisodd, Alh_1,1 <A <2h/} = A|18,1 <A<53,=A=1or3.

Bisodd, Blk_1,1 <B< (%1)!3 = B|5,1 <B<1.5=B=1.
It means we have (A,B) = (1,1) or (3,1) and

only (3,1) satisfies A* +39AB? = 144 and 3A’B + 13B> = 40.
Hence the fundamental unit of OQ( J13) is

n = and N(m) = (1) = (-1)° = -1.

Take one more example;
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Suppose d = 79,79 = 3(mod4)

oo =+v79

oy =1 — 1 1 /7948 _ 8+V79
1= —foo] — V79-8 — V719-8/79+8 15 -
Op——L L 15 V947 _ 74+v/79
2= o —[ay] +¢7 TV19-7V19+7 T 2

i, =l 2 V1947 _ 7+V79

T[] T brz@ V197 V1947 15
Oy =

1 1 _ 15 \/79+8 _
0ﬂ3—[0t3}_M T V/79-879+8 8+V79

O = —L 1 V7948 _ 8+\/_=0C
ST oy [ou] 8+m—16 V19-8V79+8 15

ap = [OC()] =8,a; = [Otl] = 8,02 = [063] =7

a3 = [o3] = 1,a4 = [ou] = 16,a5 = [05] = 1

h_1=1,hg=ap= [OL()] =8 h,=a,hy, 1+h,_o,n=1,2,3...

hi=athy+h_1=1x8+1=9

hy =ash1+hyg=T7x94+8="71

hs =azh,+h=1x71+9=280

hy = ashz +hy =16 x 80471 = 1351
hs = ashq+ Iy = 1 x 1351 +80 = 1431
k_1=0,ko =1,k = anky—1+ky—2

ki =a1tkp+k-1=1x14+0=1

ko =ark1 +ko=7x1+1=38

ks = asky+ k1 =1x8+1=9

ks =agks +ky =16 x9+8 =152

ks = askq+ ks =1 x 152+9 = 161
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no\Po|On|an| hn | kn
-1|-|-|=| 1 ]0
00| 1][8] 8 |1
18|15 1| 9 |1
2 |72 |7 71 | 8
37115/ 1|80 | 9
4 | 8| 1 |16]1351 152
518 ]15] 1 |1431 161

N=5Il=N-1=4
n=nh_1 +k1,1\/7_9= 80+9\/7_9.
Nm)= (-1 =(-1)*=1

2.0.3 Maple procedure

We were able to program this algorithm as a Maple procedure which we called fundamen-

talunit.

The procedure takes two parameters, d and steps. The parameter d correspond to the field

Qv E), while steps is the maximum number of steps in the algorithm. It prevent the proce-

dure to work indefinitely in a loop.
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> Simdamentalunit = proc(d, steps)

local /1 kP, Q.anl T A4, B, Setd, SetB,m, H X :

h=1]t=1:K-1]=0:

P[0]+=0:0[0] = 1:4[0] = floor({d) -

H0] = floor(yd) : 0] = 1:Ts=0:
peintfl"™n Pn Qn an hn kn \n"):
for nfrom 1 to sreps do
P[n|t==-Pln—1]+a[n—1]Q[n—1]:

s d-P[nl2 J
Q[n] ﬂoor[ oln—1]
aln) = ﬁoor( Pln]+Jd "Q{-:] d ]:
hin] = a[n] h{n=1]+ h{n=2]:
in)i=aln]dn—=1]+dn—2]:
printfl" %5d  %S5d %8d %S8d %8d %S8d'n",n P|n], Q[n], alnl hn], Hn)):
ifn>landP[n|=P[1]and Q1] = Q|1]then break end if: end do:
Jiwm 2 —1:
udmor:l4=20rdmod4=3ora'mod8= 1 then
printf{"\n  unit=a +b sqrt(d), where aand b are *) : pringf1"%8d %8d", A/ —=1],4/=1]):

prine("Neuniv=", (-1)") :

end if:

if dmod 8 = 5 then

Setd = ()} . H=h{l—1]:
for mfrom 1 by 2 to Hdo .

if Hmod m =0 and evalfim) < eval/{Z H?)tlnSaA = Setd {m) end if enddo

SetBw= (}: K= fil—1]:
for mfrom | by2to K do

1
.
if X mod m =0 and evalf(m) <¢vu1/‘[2[%) ]thnSetB = SerBU {m) endif-enddo :
for 4 inSerd do
for Bin SertBdo

if4°+3.48°d=8 Hand3 4° B+ B’ d=8 Kthen
printf1"\n unit =(a+b sqrt(d))2 whereaand b are”) : primef1"%8d %8d". 4. B):
print("Nunit)y=", (-1)’) -
T=1:
end if: end doend do
if =0 then prinif{"'n unit=2a+b sqrt(d) whereaand b are”) : pringf1" %8d %8d". . K)
print("Naunity=". (-1)’) - endif:
end if
end proc:
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> Sundamentalimit(10, 20)

Pn on
1
2

unit = a +b sqgrt(d),

3
3

> fiundementalunit(142, 20)

Pn Con

aros W b =

11
10
10
13,
1 i |

unit = a +b sgrt(d), where

:> Sfundamentalumit(7, 20)

B on

U b= 3

[T OO T e el o8

unit = a +b sgrt(d), where

>

> Simdamentalunit(82,20)

En Qon

1
2

unit = a +b sqgrt(d),

&
]

an hn kn
i | [
i | &
where a and b are
"N(unit)=", —1
an hn kn
21 1
2 10
2 | 1
1 22
21 1
a and b are
"N(unit)=" 1
an hn kn
3 1 |
2 5 |
3 1
1 4
3 1
a and b are
"Nunit)=", 1
an hn kn
1 18
Ao 18

where

a and b ares

"N(unit)=", —1

15
117

12
131
143

3277
3420

143

W L
L B R =&, V4]

=2

le3
2943

12

e

2 3
12
275
287

=1 b L2 P2

18
325
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> findamentahmit(97,20)

Pn on an hn kn

1 9 16 3 10 1
2 7 3 3 59 €
3 8 11 1 ] 7
4 3 8 i 128 13
5 5 ] 1 197 20
3 B ] 1 325 33
7 5 8 1 522 53
8 3 11 1 847 BeE
9 8 3 5 4757 483
10 0 16 1 5604 569
11 9 1 18 105629 10725
12 S 1ée 3 111233 11254
unit = a +b sqrt(d), where a and b are 5604 S€9

"N(unit)=", —1
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Ideal Class Group

3.0.1 Legendre symbol

Legendre symbol is a multiplicative function with values —1,0, 1.

Definition 29 (Legendre symbol).
Let p be an odd prime. An integer a is a quadratic residue modulo p if it is congruent to
a perfect square modulo p and a quadratic nonresidue modulo p otherwise. The Legendre

symbol is a function of a and p defined as

(

1, ifaisasquare modulo panda %0 mod p

a
<;) =931, ifaisanonquadratic modulo p

0, ifa=0 modp

\

Properties of the Legendre symbol; Suppose p and g are odd primes, and a and b are

integers not divisible by p, the following properties for Legendre symbol hold;

1. Ifa=b mod p, then (%) - (1%)

41
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w
S
=[S
~—

Il

—

1, if p=1 mod4

—1, ifp=-1 mod4

The last property is known as the famous quadratic reciprocity law.

For example, consider (39875 ) ( 2 X;; L ) (957) (977) (5%)

now consider (g5 ) = (-7 (%)

- -

Take one more example,

consider (13) = (*1357)

(109) (109) ( 109

5);
now consider (735) = (— 1F 5 (12)
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(%)= ()=t

consider (%09) = (—1)52;]&[l (%)
- (2)=()=(2) -
consider (&) = (- (109)
- () =)= (3) =1

Thus, (155) = (135) (109) (105) = 111 =1

Kronecker symbol

Let n be a nonzero integer with prime factorization

7= WPy e P
where u is unit, and p; are primes. Let a be an integer. The Kronecker symbol (%) is defined

by

For odd p;, the number (ﬁ) is simply the usual Legendre symbol. The case when p; = 2,
we define (%) by

0, if a is even

<_)= L, ifa=+1 mod8

—1, ifa=+3 mods.

\

The quantity (ﬁ) =1 when u = 1. When u = —1, we define it by

<a>_ -1, ifa<0
-1/)

1, ifa>0
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Finally, when u = 0,

1, ifa==+1

0, otherwise.

Basic properties of the Kronecker symbol:

1. (9) =1, if ged(a,n) = 1, otherwise (%) =0.

u

2. (%f—’) = (%) (%) unless u = —1, one of a, b is zero and other one is negative.
3. (£)=(%) (%) unless a = —1, one of u, v is zero and other one has odd part congruent
to3 mod4

4. Foru > 0, we have (ﬁ) = (%) whenever a =b mod u If a,b have same sign, the same

also holds for u < 0.

91

4lal, a=2 mod4

u=v mod

lal,  otherwise.

Examples of Kronecker symbol
Consider (57) = (537) = (3) (3) = (-1 =1

One more example,

. Fora#3 mod4,a#0, we have (¢) = (%) whenever
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consider (%) = (5%5) = (3) (4) =11 =1

3.0.2 Ideal class group

Definition 30 (Discriminant of algebraic number field).
Let K be an algebraic number field of degree n. Let {n1,M2,...,Nu} be an integral basis for
K. Then D(M1,M2,-..,My) is called the discriminant of K and denoted by d(K).

Theorem 10. Let K be a quadratic number field. Let d be the unique squarefree integer such

that K = Q(\/d). Then discriminant d(K) of K is given by

4d, ifd#1 mod4
d, ifd=1 mod4
Proof. 1fd #1 mod 4, an integral basis for K is {1,/d} so that

2

d(K) = L vd = (—2V/d)? = 4d.

1 —vd

If d =1 mod 4, an integral basis for K is {1, 5’5@} so that

1 14+d ?
d(K) = 2 | =(=Vd)?=a.
1 1—23[d

Definition 31 (Ideal class group).
In number theory, the ideal class group of algebraic number field K is the quotient group %,’;,
where Jx is the group of fractional ideals of the ring of integers K, and Py is the subgroup

of principal ideals in J, 11311? is denoted by H(K).
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If all ideals of the ring of integers of an algebraic number field are principal, then the
ring is a principal ideal domain. In such case the ideal class group is trivial.
For example, Z, Z[i], Z]®], where i is forth root of unity and ® is cube root of unity, are all
principal domains so the corresponding fields have ideal class number one, they have trivial
class group.
We are going to prove that the ideal class group for any number field K is finite. For this we

will need following theorems from geometry of numbers.

Theorem 11 ( [1], Theorem 12.5.1). Let K = Q(0) be an algebraic number field of degree
n =r-+2s, where 0 has r real conjugates and s pairs of nonreal complex conjugates. Let

A be an integral or fractional ideal of Og. Then there exists an element o(# 0) € A, such that

For the proof we need following lemmas.

Lemma 4. Let S(R") be a centrally symmetric convex body of volume V(S) > 2". Then S

contains a lattice point # 0.

The following theorem about linear forms is formulated in the format that is suitable for

Theorem 11.

Lemma 5. (Minkowski’s linear forms theorem) Let A = [a i), be a complex matrix, such

thataj € Rfor j=1,2,...,randk=1,2,...,nand

ajrg=aj  for j=r+1,...;r+s:k=12,...,n
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Suppose that positive real numbers 81,. .. ,0, satisfy the following conditions

2 N
61...0, > (E) |det(ajk)|
and
B =001 [ =1 F Lywo syt
Then the system of linear in equations

n

Y ajvk

k=1

gﬁj,j:I,Z,...,n

has a solution in integers yi,...,yn, not all zero.

Theorem 12. Let K = Q(0) be an algebraic number field of degree n = r+2s, where 0 has r
real conjugates and s pairs of nonreal complex conjugates. Let A be an integral or fractional

ideal of Ok. Then there exists an element o.(# 0) € A such that

IN(a)| < <2>SN(A) Y]

T

Proof. Let 01,0,,...,0, be the conjugates of 6. We reorder 01,0;,...,0, in such a way that
01,02,...,0, € Rand 0,,1,0,12,...,0, € C\R. The complex conjugate of 0 is also an alge-
braic conjugate of 8,we can further order 6,,1,6,,2,...,08, sothat®,, ;.1 =0,,1,...,0, =
0,25 = 0, where r+2s = n. Let 61,...6, be n monomorphism o; : K — C is chosen so
that 6;(0) = 6;. Hence 0541 =G, (t = 1,...,5).

Let {o,...,0,} be a basis for A. We define linear forms L;(x)(j = 1,2,...,n), where

X = (x1,...,%,), by

Lj(x) = i G (0 )Xk
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These forms satisfy Minkowski’s linear forms theorem with ajx = o (o) (j,k=1,2,...,n).

Moreover,
|det(a)| = [det(c;(o))| = A)|=N(A)\/|d(K)| #0
Let
2\ 1/n 121 ;
0j= p N(A)"|det(K)|"/", j=1,2,...,n
Then

81...8, = <z>SN(A)|d(K)|1/2 = (%)sldet(a;k)l

T

so, by Minkowski’s linear forms theorem, there exist integers yi,yz,...,ys, not all zero,

such that

2 .
L) < (—)N(A)l/"w(mvﬂ",] 12

T

Choose m € 1,2,...,n such that 6,, = I, where I denotes the identity monomorphism from

K to K. Set

n n
= Ln(y) = Y om(0w)ye = Y 0k
= =1

E

so that & € A and o # 0. The conjugates of o are
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n
oi(a)=Y oj(a)y=L;(y),j=12....n
=1

Hence
) s/n
ol < (2) M@ ) =12
and so
2 N
V(@] = [01(®)...0x(0)] < () NAaw)
as asserted.

3.0.3 Analytic Dirichlet class number formula

Introduction

Initially, the class number formula was found by Dirichlet for binary quadratic forms. He
used for this the concepts of multiplicative characters and L-functions which he developed
in order to prove the celebrated theorem of the infinitude of prime numbers in arithmetic
progression a + bn, n € IN, where a and b are relatively prime.

Then, as the algebraic number theory began to develop, the one-to-one correspondence be-
tween classes of binary quadratic forms and classes of ideals in rings of algebraic integers
in quadratic fields was evident, so that the class number formula for binary quadratic forms
turned up to be valid also for class number of ideals. These concepts are discussed below.

Our expansion is based on [1] and [2].
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Binary quadratic forms

Binary quadratic form is a polynomial in two variables
f(x,y) = ax* + bxy+cy* with a,b,c € Z and x,y € Z
Mathematicians were interested in representations of integers by such forms and questions

like:

1. Which integers can be represented by a given form?
2. Which forms can represent a given integer?

3. If an integer n can be represented by a given form f(x,y), then how many solutions in

integers x, y are there?

The theory of quadratic forms was developed already by Gauss around 1830.

Equivalent forms

A form f(x,y) can be written in matrix form as

b

X a 2

flx,y) = ax? +bxy+cy2 =[x yA , where A = 2
b

y 5 ¢

corresponds to f(x,y)
Let M be 2 x 2 matrix with integer entries and determinant equal to 1. Such matrices form a

group under multiplication and denoted by SL, (7).

Definition 32 (Equivalent form).
Two forms f(x,y) = ax> +bxy +cy* and f'(¥',y') = d'¥> + b'x'y' +c'y”? are called equiva-

lent if the matrix corresponding to f' is MT AM where A is a matrix corresponding to f, and
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M € SLy (7).
x
Thus f(x.y) =[x yJA
y
T
4 4
fy)=|M AM
y y
% x
Clearly f and f’ represent exactly the same integers, because if =M
Y y
X x
then =M! with M1 € SL»(Z).
y Y
ItM= then the matrix operation correspond simply to the change variable
Yy o

X = ox+ By, y =yr+dy.

Definition 33 (Discriminant).

The number d = b* — 4ac is called the discriminant of the form f(x,y) = ax* + bxy + cy*.

For d = 0 the equation n = f(x,y) is trivial and we will not consider this case.

Further we notice that the equivalence relation preserves the discriminant. In fact we have

a
d =b*>—4ac = —4det(A) = —4 for f(x,y),

¢
and for f'(x',y'), d’' = —4det(M"AM) = d, because M € SLy(Z).

IS

IS

The theory of binary quadratic form splits into two cases, one for d < 0 and another for d > 0
which differ greatly in nature.

Case d<0

Then det(A) = ’Tld > 0. If a > 0 then we must also have ¢ > 0 and the symmetric matrix A

is called positive definite. This is because in such as

x x
[x YA > 0 for any nonzero eR

Y y
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It follows that in such case f(x,y) > 0 whenever (x,y) # (0,0).

Ifd <0anda <Othenc < 0and f(x,y) <0 forany (x,y) # (0,0) then we say corresponding
matrix is negative definite. However, in this case — f(x,y) is positive definite. Hence there is
no need to study such forms separately, so we assume that a > 0 ( and consequently ¢ > 0)
in the case d < 0.

As we have realized, the set of integers that can be represented by a given form f is exactly
the same for any form in the equivalence class containing f.

In order to count the classes of equivalent forms it is convenient to find in such class a special

representative, called canonical form, or reduced form.

Definition 34 (Reduced positive form).

A positive definite form is called reduced if |b| < a < c.

Proposition.(This is Theorem 2.4 in [3]) Every positive definite form with discriminant
d < 0 is equivalent to a unique reduced form.
Note: The uniqueness requires a convention that the coefficient of xy is nonnegative in
reduced forms of two exceptions ax” + bxy +ay” and ax® + axy + cy> which otherwise would
have two reduced forms.
With fixed discriminant d < 0, it follows easily from this theorem that number of classes for
d < 0 is finite.

Case d>0
In this case f(x,y) can represent positive and negative integers, and we call such form indef-

inite. The definition of reduced form must be modified.

Definition 35 (Reduced indefinite form).
Suppose that f(x,y) = ax* + bxy+ cy? has discriminant d > 0. Then we say f is reduced if
0<b<Vdandd—b<2la| <d+b

With this definition we have
Proposition(Proposition 3.3 of [3]). Any indefinite form is equivalent to a reduced form of

the same discriminant.
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However, in a given class of equivalent forms there can be several reduced forms. Their
number is finite, but unlike in the case of d < 0, the reduced form in a given class is not

unique.

The total number of reduced forms is finite, and the reduced forms in a given equivalence

class form finite cycles. Hence, the number of distinct classes i(d) is still finite for d>0.

One-to-one correspondence between classes of equivalent forms and classes of ideals

Recall that the class group of ideals of an algebraic number field K is given by H(K) = 1—{};,
where I is the multiplicative group of fractional ideals in Og and Px is its subgroup of
principal ideals. Also recall two principal ideals (a) and (b) are identical if and only if
b = ua, where u is unit in Og. We shall now focus on quadratic number fields K = Q(\/Zi )s

where d is squarefree integer, d # 1.

Narrow class group

Definition 36 (Positive principal ideals).
Let K be a quadratic field, and I be a principal (fractional) ideal of Ok. If I = (a) and

N(a) > 0, we say that I is positive.
Propostion 12. The positive principal (fractional) ideals of Ok form a group, denoted by P

Proof. Since (a)(b) = (ab), the theorem follows by multiplication of norm, N(ab) = N(a)N(b).
0

Note:
1. If d < 0 then P} = P. This is because all norms of nonzero algebraic integers are

positive

N(a+bVd) = a® + |d|b>.
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2. Suppose that there is a unit # in Og with negative norm, N(u) = —1. Then the ideals
(a) and (ua) are the same. If N(a) is negative then N(ua) = N(u)N(a) is positive.
Hence we can choose a generator of any principal ideal with a positive norm. Hence

again P{ = P.

3. If d > 0 and there is no unit # in Og with N(u) = —1 then Pg is a proper subgroup of
Pk of index 2. Thatis [Pk : P] = 2. Obviously in this case there exists an element
b € Ok with N(b) < 0, and the ideal (b) has no generator with positive norm. It is
easy to see that in this case there are exactly two cosets of P¢ in Px, namely Py and

bPE , as shown in the following Lemma.

Definition 37 (Narrow ideal class group).

The narrow ideal class group of a quadratic field K is defined by

Ix
HK)t =—".
P¢

Lemma 6. Py is a subgroup of Px, of index 2, that is, [Pk : P¢] = 2.

Proof. Letn € Ok be element of negative norm. Obviously such element exists, for example
n=a+bVd, (orn =a+bu’§@). Then N(n) = a> —b?d or (N(n) = a® +ab—b*471). So,if
b is sufficiently large then N(n) < 0. Clearly PE is subgroup of Pk, and it has two cosets:
P¢ and (n)Pg. This is because if an ideal J € Px \ Pg, then J = (a) and N(a) < 0, but

J=(n)(%),and (¢) € P{,s0J € (n)P¢. So, there are exactly two cosets,Pg and (n)Pg. [

In [3] on page 101 Theorem 6.19 we find the following statement.

Propostion 13. Ifd > 1 is a squarefree integer, K = Q(\/ 3) and Ok has no unit with norm
-1 then the ideals class group H(K) is isomorphic to the subgroup of squares of the narrow

class group H* (K).
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This statement is actually false. In an article in MathOverflow [9]
the example of K = Q(1/210) was considered. In fact H(K) = Z, @ 7, where H(K)*" =
Z, D7, PD7Z,. However, the squares of H(K)" form a trivial group, so h(K) would be

equal to 1, while in fact, #(K) = 4. We will calculate these values in Chapter 4.

Propostion 14. 1(K)™ = 2h(K) for any quadratic field K = Q(v/d) if d > 1 when there is

no unit in Og with norm —1.

Proof. First proof
We have P(K) and P*(K) are normal subgroup of I(K), P*(K) C P(K). So by the third

isomorphism theorem for groups we get

PHEK) o 1(K)
P(K)  P(K)
Pt (K)
Hence,
HY(K)
p)/pr(x) -

Since [Pk : Pi] = 2 as shown in Lemma 6, we get it (K) = 2h(K)

Second direct proof

Let S = {J;P"(K),...,JuP"(K)} be the set of all distinct cosets of P (K) in H' (K). Now,
(n)J1P™(K) must be equal to one of the cosets in S, and it is not equal to J; P*(K). With-
out loss of generality suppose (n)J;PT(K) = J,Pt(K). We can continue this process, now

starting with J3P*(K), etc...until we obtain a new set of m cosets of the form

S ={/PY(K),(n)1P"(K),...,JiPT(K),(n)iP"(K)}.

We conclude that m = 2k. By Lemma 6, J,P(K) = JPT(K)U(n)JPT(K) for r = 1,2,... k.
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Hence H(K) = 1K) has k cosets of P(K) where HT(K) has m = 2k cosets of PT(K) and the
P(K)

theorem follows. O

The following theorem relates the number of equivalence classes of binary quadratic

forms and the ideal class number of an algebraic number field.

Theorem 13. The narrow ideal class number h (K) of an algebraic number field K is equal
to the number of equivalence classes of binary quadratic forms ax> + bxy + cy? of discrimi-

nant d(K).

Thus 4(K), the class number of K is equal to the number of equivalence classes of binary
quadratic forms if Ok has a unit with norm —1 and A(K) equals to the half of the number of
equivalence classes of binary quadratic forms otherwise.

Note : In fact, much more than Theorem13 is known:

The equivalence classes of binary quadratic forms form a group under "composition" of
forms, which however we are not studying in this thesis. This group is isomorphic to H* (K).
In what follows we are exploring D.B. Zagier exposition [11]. The isomorphic is in the
following way:

Let J be an ideal (integral or fractional) in Ok and let (o, ) be its integral basis then we

associate with the following quadratic form

(xa+yPB) (xo +yB')

J— N ,

see [11] page(93).

Here o and [’ are algebraic associate of o and P respectively. The quadratic form at the
right hand side has integral coefficient, because since o € J we have N(J)|(c) and similarly
NU)I(B)-

Example : In Example 1 of Section 1.0.5 we have J = (3 +5v/7,5 —9v/7) we have found
integral basis (1 ++/7,2) and N(J) = 2. Hence the corresponding form is

(X(1+‘/7)+V2)2(x(1_\/7)+y2) = —3x% +2xy+2y* and its discriminant D = 2% —4 x —3 x 2 = 28.
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which is same as the field discriminant of K = Q(v/7) i.e. d(K) = 4 x 7= 28.

On the other hand, given a binary quadratic form ax? + bxy + cy* with discriminant D < 0,

we map it into a fractional ideal in the way

b D
al+bxy+cy? — =T +7Z J;;F 3.1
or, alternatively, we can map the form into an integral ideal
ax* + bxy+cy? — J' = 7Z(2a) + Z(b+ VD) (3.2)

Clearly, J' = (2a)J, so both ideals are equivalent modulo principal ideals in 3.1 and 3.2. It
is easy to check that the sets on right hand sides are ideals indeed and their integral basis are

a, @M@) and (2a,b+ /D) respectively.

Propostion 15. J = Z(2a) + Z(b -+ /D), where D = b> — 4ac, and a,b,c € 7, is in fact an
ideal of Ok, K = Q(\/D).

Proof. Case-1 D=0 mod4.

In this case Ox = {x+ ywD : x, y € Z}. Itis clear that J is a group under addition. It re-
mains to show that it is closed under multiplication by elements from Og. Let n € J, then
n =2z1(2a) +z2(h+ /D) with integers z; and z,. The product (x+yv/D)n can be rearranged
as (x4 yvD)n = z1x(2a) + z12ay(b + /D) — z1by(2a) + zox(b + v/D) + z2yb(b + /D) —
222yc(2a), where each component belongs to J. This complete the first part of case-1.
Case-2 D=1 mod4.

Now Ok = {@ :x,y € Z,x=y mod 4}. If x and y are even we can reduce to case-1, so
suppose that x and y are odd. Notice also that D =1 mod 4 implies that also b is odd. Now

Wwe can rearrange x—ﬂé—‘/—D as follows

{z12a) + 22(b+VD)} =

x+yW/D\ x+yV/D
2 N 2
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x+b
z1a(x —by) +z1ay(b+ VD) + 2 (Ty> (b+ VD) + z2y¢(2a)
. This is an element of J because x — by is even and )%by € Z,since x,yand bare odd [

Note: The construction of J provides also its integral basis, which is {2a,b + v/D}. This
allows to calculate the norm of J. We use this fact in calculation of the norms of ideals in

examples for Carlitz’s theorem.

In case of d > 0 we modify maps 3.1 and 3.2 by multiplying the integral basis of the
ideals by any element with negative norm. For this purpose A = Vd will do, as N (A) =
—v/d x \/d = —d. So, we have the map ax? + bxy + cy* — ZA+ Zlmz@k.

L. Dirichlet derived the formulas for ideal class number of quadratic number fields by count-
ing the number of equivalence classes of quadratic forms. However, in the next section, the
calculations of using these formulas are presented.

Here, we just show two easy algorithms for counting the equivalence classes for binary
quadratic form directly.

In the case if d < 0 the form ax? + bxy + cy? is reduced if |b| <a<c,

hence |b| < [\/ é] see [3],Proposition [2.1]

This restriction together with D = b? —4ac, D = d(K), K = Q(v/d), and the elimination of

ambiguous forms leads to the following procedure
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> ReducedPositiveForms =proc ( A)

#description "Numbers and lists unequivalent reduced positive forms with discriminani

Delia’
locala. b, c.n:
ni=0:
for A from ﬂoor[— i % |tﬂ ﬂoor[ / % ydn
b+ A
for a from max[ |bl. 1| to ﬂour[ (}4—) do
. A 2
b+ A
if (b +A) mod4=0 and (4—) mod a =0 then
(P +aA)
4-q '
if not{ (b <0Dandc=a)or (b <Oandbh=-a)) then
n=n+1:

print(n, "form", a, b, ¢) end if: end if:
end do: end do:
end proc;

In this case the number of classes of quadratic forms equal 4(K).

In the case of d > 0 we have
> IndefiniteReducedForms = proc ( A )
local S, a, b, ¢:

Si=\/X:

for b from 1 to floor(S) do
—b e [ 8+b
- to floor do

2

for a from ccil(

. ( B — A ]
4-a ’
if floor(c) = ¢ then print(a, b, ¢) : print( -a, b,-c) end if:

end do end do:
end proc:

This procedure just lists the reduced forms of discriminant D = d(K). Then we still need to
group the reduced forms in chains as shown in the proof of Proposition 3.6 in [3].

We form pairs of equivalent reduced forms according to the rule (a,b,c) ~ (c,b’,c’) in which
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¢ < 0and a and ¢’ are positive.

For d =210, D = 4 x 210. We can use cycles to determine the structure of the group H(K).

In order to do this we take any form each cycle and convert it into an ideal of Ok, for

K = Q(+/d), according to the formula (a,b,c) ~ Z(2a) + Z(b + /D).

Our procedure gives the following results:

Finally, d=210, so d(k)=840 Thisis the example showing that a proposotion is false

> D wdefinireRedhicedForms(840)

5,20, —22
—5,20,22
10, 20, —11
—10, 20, 11
11,20, —10
—11,20, 10
22,20, -5
—22.20. 5
3,24, =22
—3, 24,22
6, 24, —11
—6, 24, 11
11,24, —6
—11,24,0
22,24, —3
—20.24.3
1,28, —14
—1,28, 14
2181
—-2,28,7
T 28, —2
-7,28,2
14,28, -1
—14,28.1
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Cydes

1.(5,20.-22) ~ (-22,24,3)~ (3,24.-22)~(-22.20.5)
2.(-5,20,22)~(22.224.-3)~(-3.24,22)~(22,20.-5)

3.(-6,24,11)~(11,20,-10)~(-10,20.11)~ (11.24.-6)
4_(6, ’4 -11)~(-11.20.10)~(10.20.-11)~(-11,24.6)
5.(1,28,-14)~(-14,28.1)

6 (' 1,28.14). (14, (’8 1)

,28.-7)~(-7.28,2)
8(2287) (7,28,-2)
_Fundamental unit 7=29 2J210, N(n)=1
Hence ht (K) =8, WK)=4
The first two cycles give the same ideal J; = (10,20 + /4 x 210), the cycles [3] and [4]
give J, = (6,24 + /4 x 210), [5] and [6] give J3 = (1,28 4+ /4 x 210) and [7] and [8] give
Jy = (2,284 /4 x 210).
Since these ideals are representatives of classes modulo principal ideals, we can find equiv-
alent ideals by dividing both generators by an integer. Thus
J1 = (10,204 2+/210) = (5,2v/210) = (2)(5,+/210)

= (4)(25,5V/210,210) = (4)(5,5v/210) because ged(25,210) = 5 further J7 ~ (1,2+/210) =

Ok =1.

= (12,24 +2+/210) = (12,21/210) ~ (2)(6,+/210), s0
2% (4)(36,61/210,210) = (24)(1,+/210) so J? = 1.

= (2,28 +2+/210) = (2,2v/210) = (2)(1,+/210) = (2), s0 J3 = 1.
Jy=(4,28421/210) = (4,21/210) ~ (2)(2,+/210), J7 = (4)(4,21/210,210) = (4)(2,2v/210) =
(8)(1,1/210) = (8) so J3 = 1.
We used the fact that if an ideal contains a unit is equal to Og. Therefore H(K) contains
four elements; neutral and three of order 2. Hence H(K) = Z, @ Z», which is the four
Klein group. As for H' (K), it contains eight elements, so it can be isomorphic to one of
73, Za @ Zs, or Zr P 7o P Z,. The squares of these groups form Zs4, Z, or one element

group respectively, so non of them is Z, € Z, showing that Proposition 13 is false.
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The existence of a unit of norm —1 in Ok

Ford #1 mod 4, we have

N(a+bVd) = a* — db?

Hence there is no unit norm — 1 if and only if the negative Pell equation x> — dy? = —1 has
no solution. It is known that the negative Pell equation has solution if and only if period of
continuous fraction expression of Vd is odd.

For d =1 mod 4, the corresponding equation is x> — dy> = —4. By considering parity of x
and y, we conclude that this equation is equivalent to x> —dy> = —1 ford 1 mod 4, so it

is more general.

When O for Q(\/E ) does not have a unit of norm —1?

This is important question because for such real d > 0, h(K) # h™ (K)
In general solution to this question is unknown, however there are partial results. For exam-

ple in [1] we find the following facts;

Theorem 14. Let d be a prime withd =1 mod 4. Then the fundamental unit of OQ( V) has

norm —1.

Theorem 15. Let d be a prime with d =5 mod 8. Then the fundamental unit of OQ( V2d)

has norm —1.

Theorem 16. Let p and q be distinct primes such that

p=g=1 mod4,<£> — 1
q

Then the fundamental unit of Og N7 has norm —1.
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3.0.4 Dirichlet’s class number formula

Dirichlet’s class number formula was conjectured by Jacobi in 1832 and was proved by
Dirichlet in 1839. There are many expositions of this proof with variety of shortcuts and
simplifications. Here, we follow the detailed proof from [11]. The proof is quite sophisti-
cated and we describe only major steps. The main idea is to relate the class number /(D) of

classes of quadratic forms of discriminant D with the number of solution of the equation

ax® +bxy+cy* =n, (3.3)

where n is positive integer. We consider only primitive forms (a, b, ¢) that is with ged(a,b,c) =
1 and for which D is a fundamental discriminant that is either D =0 mod4 or D = 1
mod 4. This corresponds to field discriminants K = Q(\/;i ) where d is squarefree integer
and field discriminant d(K) =D =4d ifd #1 mod4orD=d ifd =1 mod4.

For a form f(x,y) = ax® 4+ bxy + cy? denoted also by (a,b,c), let R(n) denote the number of

solutions in integers (x,y) of the equation 3.3 counted in a way described below.
b

For a given form f(x,y) = ax? + bxy + cy? with matrix A = there are substitution

(ST S

o
x=ox +py,y=1y'+38Y, where M = P € SLy(Z) and MTAM = A. So after this
Y o

x/

%
substitution we have f(x,y) = f(x,y") where =M

y Y
We say that such substitution is an automorphism of f, and consider the solutions (x,y) and

(x',y") of (3.3) as equivalent. The number R(n) denotes the number of non equivalent solu-
tions. The set of such matrices M forms a group.

Ur={M € SL,(Z) : MTAM ~ A}.

There exist a bijection between the set of solutions of the Pell’s equation > — u?>D = 4 and

Uy, given by
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t—bu

5 —cCu
(t,u) — € Uy.
au H—Zbu

The equation £> — 1D = 4 gives all the units with norm 1 of Ok for K = Q(v/d) = Q(v/D).
The units are of the form %@ for bothcases D=0 mod4and D=1 mod4.

Thus for D < 0 the number of automorphisms w = |Uy| is finite,and Uy is cyclic. We have

6 if D=-3

wiD)=4q4 if D=-4

2 if D<—4

which is exactly the number of units in Ok for the corresponding field K.

For D > 0, Uy is infinite and Uy = Z @ 7. In either case R(f,n) is finite. Further, let

h(D)

R(n) =Y R(fi,n) (3.4)

i=1
where f1,f2,..., fu(p) denote any representative of non equivalent binary primitive integer
with discriminant D.
The next major step is showing that R(n) = Yol xp(n), where xp = (%) is the Kronecker
symbol. While it is difficult to obtain a closed form for R(n), it is possible to do so for the

average of R(n) when n changes 1 to infinity. We have

1
lim — ) R(n)=L(1 .
am y L R0 =2(1,00) (3.5)
where L(s,p) denotes, the so called L—series with character Yp, L(s,Xp) = L} %ﬂ. In

3.5 we just take s = 1.

Further, for any primitive form of with discriminant D and for n > 0 we have

N —2_ for D<O
lim Z R(f.n) v (3.6)

1—0\%& for D>0
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+u\/5

where €9 = t—°—2°— is the smallest positive solution of 3.5 with 79 > 0 and ug > 0.
All solutions of 3.5 are of the form +¢&j where n € Z. Clearly €y = n, the fundamental unit.

By connecting (3.5) and (3.6) we get

A@L 1,xp) for D<O0
h(D) = (3.7)

YDy (1 xp)  for D3>0

logeg

It remains to calculate L(1,%p). We are following [11] and we will only outline the main
steps.

By using Gauss sum

we get
1 N
X(k) I Z )—((n) —2mink /N
n=1
This leads to
_y k) _ 1§ l Y (n)eXumk/N
It foils to
L =LY u ) (~log(2sin ) —i(5 ™)
Kl =5 L LV glesiliy ) T W)

In our case )p is a real character (Kronecker symbol) and this formula simplifies to

|D|—1
L(17X):_‘D|—3/2 Z l’lX(I’l) for D<O,
n=1

and
|D|—1

L(1,x Zx logsmBn for D>0.

For D > 0 in the book ( [2]) a simplification is given. Namely for D > 0, we have

xp = %p(D —n), and also sin(m — ) = sin(“F). By combining this remark and equations
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(3.4), (3.5), and (3.7) , the formula for 2(D) in case D > 0 becomes

D
n<z

nm
1 mn( —
togey L () logsin('Z)

h(D) = —

If the fundamental unit of Og has norm 1, then A(K) = %h(D) where h(D) is the number of
classes of quadratic forms and /(K) is the class number of K (v/D). We get

<l

I’lTC
— log’l] Z xo(n)logsin( D) (3.8)

with | = €¢. If Ok has fundamental unit  with N(n) = —1 then g9 =12 so logeg = 2logn,
again we get same formula 3.8.

The case D < 0 is somewhat easier and equations (3.4), (3.5), and (3.7) give

_w(D) P!
h(D) = h(K) = 2\l()l|)) Y n(%).

n=1

This formula is the same for the number of classes of quadratic forms and classes of ideals.

3.0.5 Numerical examples of the Dirichlet class number formula

Dirichlet’s class number formula for d < 0

Let K be quadratic field of discriminant d. Then

h(K) = S e n ().

Here w(D) denotes the number of roots of unity in OQ( Va) S0 that

,

6 ifD=-3

wD)=4q4 ifD=-4

2 ifD<-4

\

Note: Here d corresponds to D used in the case of quadratic forms.

Example 1 Suppose d = —3 = discriminant D = —3 and w(D) =6
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Put these values in the formula,
h(K) = 21— 3|Zn in(3)
=-H{1(5)+2(3)}
=—1{1(1) +2(=1)}
=—1{-1}=1

Calculation of h(K) by counting the number of classes of quadratic forms by procedure

"positive"

d=-3, so d(K)=-3

=3
> ReducedPositiveForms(3)
L. "o L}

—So hK)=1

Example 2

Suppose d = —10 = discriminant D = —40 and w(D) = 2.
h(K) = 2 40|): ( )

= {1(F%)+2(2%) +-+39 (%))

{1 (F)+3(57)+7(5%) +9(%°) +11(51)
+13( ) +17 (52) +19 (58) +21 (57) +23(53)
+27(52) +29(590) +31(52) +33 (582) +37 (5 +39 (5}
= 2 T +3(=1) +7(1) +9(1) + 11(1) + 13(1) + 17(=1) + 19(1) +21(1)
+23(1) +27(=1) +29(=1) +31(=1) +33(=1) +37(1) +37(1) +39(-1)}
= 3 {120—200}
=2
Calculation of h(K) by counting the number of classes of quadratic forms by procedure

"positive"
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d=-10, d(K)=-40

_> ReducedPositiveForms(40)
1, "form", 1, 0, 10
2 om”. 2.9.5

[So h(K)=2

Example 3
Suppose d = —14 = discriminant D = —56 and w(D) = 2.

h(K) = 575 Lot n (50)

=5 {1(F)+2(3%) - +55 ()
=5 {1(F)+3(3%) +5(3%) +9(=°) + 1 ()
+13(550) +15 () +17 () +19 () +23 ()
+25(58) +27(38) +29(38) +31 () +33 ()
37 (35) +39 () +41 () +43 () +45 ()
+47(%)+51(%)+53(%)+55(—5—5ﬁ)}.

Z{1(1) +3(1) +5(1) +9(1) + 11(—1) + 13(1) + 15(1) + 17(—1)

)
F19(1) +23(1) 4+25(1) +27(1) +29(—1) 4+ 31(—1) +33(—1) +37(—1) +39(1)
+41(=1)+43(=1) +45(1) +47(=1) +51(=1) +53(=1) +55(= 1) }.
= z4{224 448}
=4

Calculation of i(K) by counting the number of classes of quadratic forms by procedure

"positive"
d=-14, d(K)=-56

> ReducedPositiveForms(56) S
" Tomm"; 3, =2.:3
2, "form", 1, 0, 14
3,"form".2,0,7
4, "form", 3,2, 5

So h(K)=4



Chapter 3 69

Drichlet’s class formula for d > 0
M) = gk oi (2)logsin’s
where 1 is fundamental unit.
Example 1
Suppose d = 2, we can calculate 1 = 1 ++/2 and discriminant D = 8
h(K) = ot 1+\/2 ¥ ( ) logsin (%)
= log(l—i-\/é){(-) logsin (£) + (5) logsin (3F) + (8) logsin (3F)}

= ot 1+\/2 {logsm( ) —logsin (3F)}

. sin §
- log(l+\/2 {sm }

o 1 1 sin’

T log(14++/2) 2 log{ sin? 3“ }

_ -1 1 { 1- cos347t
log(1++/2) 2 1—cos

_ —1 1 V2
- log(l—l—\/i) 2 lOg{ \/Lz }
og{ &1}

log(l+\/2 V2+1

V2—1 /241
log{ 571 V2+1 \/2+1}

1
2
l
2
Log(1++v/2)72
1
2

(=2)log(1++/2)

log(1+\/2

= log(1_+\/2
1
T log(1+v2)

=1

Calculation of h(K) by counting the number of classes of quadratic forms by procedure "in-

definite"
d=2, d(K)=8, N(n)=I

L ]
> IndefiniteReducedForms(8)

- N

to

]
These two forms make one cycle (1,2,-1) ~(=1,2,1).

Hence h(K)=1

Example 2

Suppose d = 3, we can calculate 1 = 2 4 v/3 and discriminant D = 12
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h(K) log( 2_,_\/3 Z ( )logSIH(lZ)

:m{( )logsmi72‘+( )10g81n1’2‘+(§2)logsm

+ (1) logsin 1% + (12) logsin 3%
— m{log sin% — logsin 3%

log(
_ —1 V3-1 V3+1
= 2+\/§ {log ) 7 —log* 7"}

1
~ log( 2+\/3 {log \/3+1}
= m{—log(2+ V3)}
=1
Calculation of h(K) by counting the number of classes of quadratic forms by procedure "in-
definite"
d=3, d(K)=12, N(n)=I

=
> IndefiniteReducedForms(12)

g .
gl ¥ ol
ro
— e b NI

a9

=
Cycles (1,2,-2) ~(—2,2,1) and (2,2-1) ~(—1, 2, 2).
We have two cyles and there is no unit with negatve norm, hence h(K)=2/2=1.

Example 3
Suppose d = 6, we can calculate = 5+ 21/6 and discriminant D = 24

h(K) = log( 5+2\/6 )y 1 ( 4)10g5in@

:bg(sl—lz\/é){( ) logsin 3% + (') logsin 5% + (') logsin 35 + (%) logsin 3%

+( )logsmgﬁ+( )logsmgﬁ-i-( )logsmﬁ-l—( )logsm24

+ ( ) logsin g;f + ( )logsm 129}‘ + ( )log sin 12115

B m {logsin 5 +log sm —log sm — logsin lzlit

Sln 24 Sln 24
log(5+2\/6 g{ 117:}

SlIl

cos 6 cos 3
log(5+2\/6 g{ cos ¢ }
\/3 L

log(5+2\/6 g{ LT 1_}

Y
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V62
log( +2\/6 Og{ \/6+2}

log(5+2\/6) log{ 10+4\/6}

~ log( 5+2\/6) log{ 5+2xf6}
=1.

Calculation of (K ) by counting the number of classes of quadratic forms by procedure "in-

definite"
d=6, d(K)=24, N(n)=1

=
> IndefiniteReducedForms(24)
1,4, —2

-1,4,2

2,4, -1

-2.4,1

-Cvclcs (14,-2) ~(—2 4.1] and (2,4.-1)~(—1,4,2).
N(n) =1, so h(K)===1.

I-.||1~..|
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Carlitz’s theorem

4.0.1 Detailed proof of Carlitz’s theorem

Definition 38 (Order of a group).
The order of a group is the number of element present in that group. We denote order of a

group by |G].

Theorem 17 (Carltiz’s theorem). Let K be an algebraic number field. Then h(K) =1 or 2 if

and only if whenever a nonzero nonunit o € Ok can be written as
o =uaiay...as =ub1by...by,

where u and u| are units and ay,ay,...as,by,bs,...b; are irreducible elements of Ok then

s=1.

Proof. Casel, h(K) =1

If A(K) = 1 then every ideal in Ok is principal ideal, we already know that every P.L.LD
ring is a U.ED. ring. Hence s = 1.

Case II, h(K) = 2. Now suppose that h(K) = 2.

72
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Let o be anon unit in Ok, and suppose that ¢ =uajas . . . a,, where u is a unit, and aj,as, . .

are irreducible elements in Og. Then

(o) = (o) (0t2). .. (0).

Some of the ideals (a;), (02),. .., (0,) in (&) may be prime ideals.
Suppose that (0.1)..., (o) are prime ideals, but (0t+1),. .., (0,) are not.
We know that the each integral ideal is product of prime ideals, so

(as) = ps,---Psy, fors=k+1,...,n, and all m; > 2

where all ideals p;, are prime.

Hence

(@) = (a1) .. (ax)(p1)- - -(pm);

where m is the sum of m,, and all ideals are prime.

.an,

We shall show that for any choice of i and j, p;p; is an integral principal ideal. The ideal

class group of K has exactly two classes,

H(K) =1(K)/P(K) = {1,A}

where we denoted by 1 the neutral element P(K),
and the class of ideals A is the coset of all non principal ideals

Since (a5) = py,. .- Psing» and a; is irreducible, none of the ideals.

Psi»- -+ Psy, can not be principal, because if py; = (®) with @ not a unit then @ would divide

ag, but ay is irreducible, so we would have (a5) = ps;, = (P)
but this is not possible, because m;, > 2.

Claim: Any product of two non principal ideals p; and p; is integral principal ideal.

Proof. Denote by [p;] the class of ideals represented by p;. Then [p;] = A and [p;] =

A,
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because p; and p; are not principal ideals so [p1] # 1 and [p;] # 1.

Hence, [pi][p;] = [pip;] = A> = 1, because h(K) = 2.

So p;pj is a principal ideal.

This ideal is integral because p; and p; are integral ideals. By matching the ideals py, ..., py

in pairs in whatever manner we conclude that m must be even, so

(@) = (a1)(a2) .- (@) (m1) .- (T 2)

where ay,...,a,m,...,m, ; are irreducible elements of Ok.

Note that if m were odd, we would have

(OL) = (Cll) (ak)(nl) a% & (TCr)pl',

but () is a principal ideal, and p; is not principal. This leads to a contradiction

pi= (@) () = (),

because p; is not principal.

We conclude that

(@) = (a1)---(ax)(m1). . (T 2),

SO

(OC) = ((11 o QET . .TEm/z).

Hence o = uay...@m ... T, /o, where u is a unit.

Therefore o factors into k 4 m /2 irreducible factors.

Since the factorization of ideal (o) into prime ideals is unique, every such factorization must
have exactly k prime principal ideals and m pairwise non principal ideals factors.

Hence o always factors into k +m/2 irreducible elements.
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Case Il A(K) > 2.
Part-1
Suppose that H(K) has a class of order m > 2.
Let A be such class and the order of A, |A| =m > 2.
By Hecke’s Lemma [8] there is a prime ideal p; in A, so A = [p;]. Since A™ = I, then
A" = [p1]" = [p'] =1, so p' = (w1 ) is a principal ideal.
We claim that 7t is an irreducible element of Og.
For the contradiction suppose that T = ab with nonunits a,b € Og.
By the theorem on unique factorization of ideals, we conclude that
(a) = p, (b) = p} with integers k, [ with k+1=m,k > 1,m > 1.
Then we have A% = [pk] = |(a)| = 1,
but the order of A is m > k, and we get a contradiction.
In any group, the order of an inverse element is equal to the order of the element, so we have
A~ = |A] = m.
Similarly to A, A~! also contains a prime ideal, say p>. Hence pj = (), and by the same
argument as above T, is irreducible.
Now AA~! = I implies that [p1][p2] = 1, so [p1p2] = 1, and we conclude that p; p> = (73).
Again, we claim that 73 is irreducible.

For a contradiction, suppose T3 = ab with nonunits a,b € Og. Then

p1p2 = (ab) = (a)(b) 4.1)

Since p; and p; are not principal, (a) # pj or pa, (b) # py or pa.

Hence (a) factors into at least two prime ideal factors and so does (D).

Then L.H.S. of (4.1) has two prime ideal factors, while the R.H.S. has at least four ideal
factors, a contradiction.

So we have (p1p2)" = pi'py = (1) (12) = (M1 72).

and (p1p2)" = (13)" = (7).
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So (nf) = (M m2).

Hence 15’ = um 7z, with some unit u.

We have m > 2 irreducible elements on the L.H.S. and two on the R.H.S.
Part-2

Suppose that every element of H(K) has order 2, except of the class 1.
We conclude that H(K) = @}, Z,. Since H(K) > 2, then n > 2,
Therefore H(K) contains a subgroup isomorphic to Z, @ Z,.

Hence there are classes Aj,A; in H(K) such that

|A1| = |A2| =2, and A1A; = A3, |Asz| = 2.

Similarly as Part-1,

let p; be a prime ideal in A; for i = 1,2,3,

Then p? = (m;) fori=1,2,3.

with irreducible elements 7Ty, T, 3.

Now A1A, = A3, and

A1ArAs = AsAs = A3 =1.

Hence [p1][p2][p3] = 1, and p1pap3 = (), with some Tt € Ok.

By the same argument as in Part-1,

we conclude that 7 is irreducible,

pipap3 = (1), and pip3p3 = (n2).
Thus (7 773) = 72

2

Hence n° = um 73, and

we have different number of irreducible elements at both sides.

4.0.2 Examples illustrating Carlitz’s theorem

Example 1 K = Q(v/-5).

This is most popular example in most textbooks on introductory number theory.
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It is known that 4(K) = 2, which can be checked by the method shown in Chapter 3.

The only units in Ok are +1. We have (2)(3) = (14 +v/=5)(1 —v/=5). Clearly all factor on
both sides are irreducible, for example if

2 = (a+bv—5)(c+dv/-5) then 2 = (a—by/—5)(c —dv/-5), so

4= (a®>+5b%)(c®>+5d%). Hence b=d = 0,a =42 and c = +1 ora = +1 and ¢ = +2. So
that a + b\/—5 or ¢ +d+/—5 is unit. So 2 is irreducible. In a similar way we can show that
3and 1 ++/—=5and 1 —v/=5.

Example 2 K = Q(v/—13) here again h(K) = 2. The group units is {+1}. We have

(2)(7) = (1++v/~=13)(1 - vV~13).

We conclude again that these elements are not associated. Further, if

7= (a+bv/—13)(c+d\/—13), then

7= (a—+/—13)(c —d+/—13) and

49 = (a® + 13b%) (2 + 13d%).

The right hand side can not factor as 7 x 7 and we conclude that one of that b =d = 0 and
one of factors is a unit. The case for factor 2 is completely analogous.

Also 14 +/—13 = (a+byv/—13)(c+d/—13) leads to

14 = (a®+13b%)(? + 13d?)

and we rule out factorization as 2 X 7 on right hand side. Hence one of the factors there is a
unit.

Example 3 K = Q(v/15).

Here also (K) = 2. We have (—1) x (1 —/15) x (1+1/15) = (2) x (7). The elements 2 or
7 are not associated with v/15 — 1 or v/15 + 1, because these elements have different norms;
Ng(2) = 22 =4, Ng(7) = 72 =49, but N g (14 V15) = 14.

It remains to show that these elements are irreducible.

Suppose that 2 = (a+b+/15)(c+d+/15). Since ¢(x+yv/15) = x—yv/15 is an automorphism
of K and identity on Q we get 2 = (a — b\/15)(c — d+/15). Hence 4 = (a® — 15b%)(c? —
15d%). We cannot have a> — 15b> = £2 because +2 is not a square modulo 15 so one of the

factors is a unit and 2 is irreducible in Ok.
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Similarly, 7 is irreducible, because a®> — 15h> = £7 has no solution in integers, since +7 is
not a square modulo 15.

Finally, if 1 ++/15 = (a+bv/15)(c 4+ d+/15) then —14 = (a* — 15b%)(c* — 15d2).

For the reasons stated above, right hand side cannot factor as =2 x +7, so adjoin one of the

factor there must be a unit. Hence also elements 1 £ +/15 are irreducible.

In the first three examples, we showed factorization of same length (equal 2), but with
not associated factors. Now we are going to follow Part 2 of the proof Carlitz’s theorem to
show a factorizations of distinct lengths for a field with 4(K) = 4.

Example 4 Let K = Q(v/210), so D =4 x 210. Let J; = 10Z + (20 +2+/210)7Z, H is the
ideal from example on page 60 of chapter 3.

Let A| = [J;]. We need to find a prime ideal in this class. We have

(/1] = [10Z + (20 +21/210)Z] = [10Z +2+/210Z] = [SZ +/210] = [(5,+/210)].

Let P = (55 M) We claim that P; is prime ideal. For this, notice that the construction of
Py implies that {5,1/210} is its integral basis,and P} = (5) so we have

N(P) = g25>,<\2/_120T02 = 5. Since 5 is a prime number, we conclude that Py is prime.

Let J; be the ideal corresponding to the form (10,24, —11) so J, = (12,24 +2+/210) and
we get Ay = [J5]. Hence Ay = [(6,12+1/210)] = [(12 — v/210)(6,12 4+ v/210)] = [(6(12 —
V210),66)] = [12 — /210, 11] = [1 —/210,11]. Let P, = (1 —+/210,11). We can check
that {1 — V210, 11} is an integral basis of P, and N(P;) = \/ glb‘(/zz%l = 11. Hence P,
is a prime ideal.

As Js we take the ideal corresponding to the form (2,28,—7), so J3 = (4,28 +2v/210) =
(4,21/210) = (2)(2,v/210). Let A3 = [J3]. Hence A3 = [(2,v/210)]. Let P; = (2,/210).
We check that N(P;) = 2, and P§ = (2) so P is prime as well.

Following the Part 2 of the proof of Carlitz theorem, we conclude

PPyP; = (5,4/210)(1 —/210,11)(2,+/210) = (10,v/210)(1 — v/210,11)

= (10—10+/210,110,+/210 — 210, 11+/210)
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10+ +/210,110,+/210—210,114/210) (by adding forth generator to the first)

(

(104 /210,110,220, llm 0) (by subtracting first generator from the three)
(10,++/210,110,111/210)
(
(

10 ++/210,11+/210) (because 110 = —(10+/210)(10 — v/210)
10++/210).

For the last equality we have
(10++/210,11y/210) = (10 — v/210)(
110110(@ 21))(

210,

210)(

10— \/210)
110)(—1,v210 107\/2ﬁ)

(=
(
(11 )(10 \/2T) because(—l,\/m—
(

10++/210).

We claim that P; = (31 +2v/210).

For this we have P = (1 —+/210,11)% = (211 —2+/210,11 — 11+/210, 121).
Now 211 —2+/210 = (61 —4+/210)(31 42v/210),

11 —111/210 = (41 —3+/210)(31 +2+/210),

121 = (31 —2/210)(31 4-2/210).

Hence P7 = (31+2+/210)J, where J = (61 —41/210,41 —3y/210,31 —2+/210).

The norms of the generators of J are 192, —10 x 11 and 121 respectively. Since ged(192,19 x

11,112) = 1, we conclude that J = Ok. Hence P} = (31 4-2+/210).

Finally, P?P;P; = (10 ++/210)2. Therefore, (2)(5)(31+2v/210) = u(10+ v/210)> where
u is a unit in Ok. On the left hand side we have three irreducible factors, while on the right
hand side two. Moreover, we check by direct calculation that # = 1. The irreducibility of the

factors is guarantied by the proof of Carlitz’s theorem, but can also be checked directly.



Chapter 5

Conclusions

The application of binary quadratic forms appears to be a promising approach to study the
class number problem for quadratic fields. I will try to study this approach more in depth in
the future, also the problem of finding conditions when a quadratic field has a fundamental

unit with norm -1 seems very interesting.
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