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Abstract
The congruence lattice Con(A) of a finite algebra A is power-hereditary if, for all
n, every 0-1 sublattice of (Con(A))" is the congruence lattice of an algebra on
the universe of A™. In this thesis, I provide necessary and sufficient conditions for
congruence lattice representations of Sy, the smallest meet-semidistributive lattice
not satisfying the join-semidistributive law, and its dual to be power-hereditary. I
then show that the congruence lattice of (2/\)2, the meet-semilattice on 2?2, is power-
hereditary. Consequently, I prove that every finite lattice in the variety of S; is
isomorphic to the congruence lattice of an algebra with a meet operation. A natural
question — whether the congruence lattice of (2,)", the meet-semilattice on 2",
is power-hereditary for all n > 3 — leads to a proof that every automorphism of
Con((2,)") is carried by an automorphism of (2,)". I discuss the implications of

this and conclude with some open questions.

ii
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Chapter 1

Introduction and Background

1.1 Introduction

Lattices show up frequently in mathematics — almost anywhere where there is an
ordered structure. They are seen in families of topologies, logical structures, and
the ordering of the integers when written as the products of primes. But most
importantly, they show up in Universal Algebra, whether it be in the ordering of
varieties or, as in this thesis, as the congruence lattices of various algebras.

This research is motivated by the Finite Lattice Congruence Representation
Problem: “Is every finite lattice representable by a finite algebra?” In other words,
“Is every lattice L with a finite number of elements isomorphic to the congruence
lattice of an algebra A with a finite number of elements?” The problem is described
by Pélfy in [7] as “perhaps the most famous unsolved problem in Universal Algebra”
and, as of today, the complete answer remains unknown. Many advances have been
made towards solving it, though, and, in the last few years, interest has returned to
the subject.

Many classes of lattices have been proven to be representable including all fi-

nite distributive lattices and every finite lattice in the varieties of M3 and Ns, the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 1.1: The lattice S;

smallest modular non-distributive and non-modular lattices, respectively. Recently,
thanks to some new and unique proof techniques used by John Snow in [18], Péter
Pélfy and P&l Heged{is introduced the notion of hereditary and power-hereditary
congruence lattices [7]. These definitions opened up a whole new range of prob-
lems pertaining to the representation problem and provided the impetus for the
questions posed and answered in this thesis. The major question asked is, “do
there exist congruence lattice representations of S; and its dual and, if so, are they
power-hereditary?” See Figure 1.1.

I begin with some important definitions that are needed to understand the argu-
ments and results in this and the following chapters. Following the definitions, I give
a history of some of the previous results pertaining to the Finite Lattice Congruence
Representation Problem. Many of the results mentioned in this section are used as
tools for proofs in the subsequent chapters and so are referred to frequently.

In Chapter 2, two lattices are considered — Sy, the smallest meet-semidistributive
lattice not satisfying the join-semidistributive law, and its dual, S;*. Theorem 2.14
provides a necessary and sufficient condition for a congruence lattice representa-
tion of S7 to be power-hereditary. Theorem 2.18 describes a similar condition for a
representation of S;*.

The thesis question is then partially answered in Chapter 3 where I describe
(25)°, the four-element Boolean meet-semilattice, and show that its congruence

lattice is isomorphic to S7. I then proceed to prove the main theorem of this chapter:
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Theorem 3.7. The congruence lattice of (2,)° is a power-hereditary representation

of the lattice Sy.

Included, in addition to my original proof presented, is an alternate proof of this
theorem suggested to me by John Snow. The chapter concludes with an application

of Theorem 3.7:

Theorem 3.15. FEvery finite lattice in the variety generated by Sy is representable

by the congruence lattice of a finite algebra with a meet operation.

The algebra (2 A)Q is just a specific finite Boolean meet-semilattice. In Chapter 4,
I begin the process of generalizing Theorem 3.7 to (2,)" for all n. I motivate
the proofs in the chapter with a discussion of another specific case (n = 3) and
then proceed to prove in Theorem 4.16 that, for all n, every automorphism of the
congruence lattice of (2,)" is, in fact, carried by an automorphism of (2,)". Finally
in Chapter 5, I discuss the implications of Theorem 4.16 and how I will attempt to
proceed in proving the congruence lattice of (2,)" is power-hereditary for all n. The
thesis concludes with a discussion of some questions that have arisen as a result of

the research done.

1.2 Basic definitions

These definitions follow the standard form used in [1], [2], and [24].

Let L be a set of elements combined with a partial order < that is reflexive
(a < a for every a in L), transitive (for all a, b, and ¢ in L, if a < b and b < ¢, then
a < ¢), and antisymmetric (for alla and bin L, if a < bthen b £ a). Let z, y, and 2
be in L. The element z is the least upper bound of x and y if x < z and y < z and,
for all a in L, whenever x < a and y < a, then z < a. If, for every z and y in L,

there exists a least upper bound z of z and y, then say the join of x and y exists and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is equal to z, in symbols, x Vy = z. Similarly, if the greatest lower bound z of x and
y exists, then call z the meet of z and ¥, in symbols, z Ay = z. A partially ordered
set L is a lattice whenever, for all z and y in L, the join and meet of z and y both
exist and are elements of L. A lattice with a finite set of elements is aptly named
a finite lattice. In this thesis every lattice discussed is a finite lattice. It follows
from the definitions of join and meet that a finite lattice also has a bottom element,
denoted 0, and a top element, denoted 1. Also, for any subset K = {ky,...,k,} of
a finite lattice L, define A K = k1 A ... A k,. Similarly, V K = k; V... Vk,. I adopt
the convention that in a finite lattice A 0 = 1.

A meet-semilattice is a partially ordered set of elements where the meet of any
two elements exists but the join of any two elements does not necessarily exist. A
finite meet-semilattice has a bottom element 0 but does not necessarily have a top
element. Partially ordered sets, meet-semilattices, and lattices have the delightful
property that their Hasse diagrams can be drawn and their ordering, meets, and
joins can all be recovered completely from these diagrams. Two Hasse diagrams
appear in Figure 1.2.

A subset L/ of elements of a lattice L is a sublattice if for all a and bin L', a A b
and aVb are also in L’. Moreover, L is a 0-1 sublattice if it is a sublattice containing
the 0 and 1 elements of L and this is denoted L’ 051 L. A subset C of L is convex
if, for all z, y, and z in L such that x < y < z, \_Jvhenever x and z are in C, the
element y is also in C. If a and b are any two elements in L such that a < b, then
the subinterval [a,b] is the set of all elements z in L such that a < x < b. A subset
A of elements of L is a chain if ¢ < y or y < z for all x and y in A and A is an
antichain if x < y implies that x = y for every z and y in A. We say an element
a covers b, written b < a if, for a, b, and ¢ in L, when 6 < ¢ < a it follows that
b= c. An element x in L is join-irreducible if xt = y V z implies ¢ = y or x = 2 for

all y and z in L. It follows that if z is join-irreducible and y < x and z < x, then
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M3 N5

Figure 1.2: The modular but non-distributive lattice M3 and the non-modular lat-
tice N5

y = 2. Similarly, for z, y, and z in L, the element x is meet-irreducible if t =y A 2
implies £ = y or x = 2. Two elements x and y in L are incomparable with each
other if z £ y and y £ z and this is denoted by z || y. Finally, an element z of L
is an atom if x covers 0 and a coatom if 1 covers . An atom is defined similarly in
meet-semilattice S and a coatom is defined in S only if S has a top element.

A lattice L is distributive if every x, y, and z in L satisfies the equation

zAYyVz)=(@Ay)V(zAz). (D)

L is modular if, for every z, y, and z with x < z in L,

zA(yVz)=(xAy)Vz. (M)

We denote the smallest non-modular lattice by N5 and the smallest modular but
non-distributive lattice by M3 (see Figure 1.2). It is well known that every lattice
that is not modular contains Ny as a sublattice of it and that every lattice that
is not distributive contains the sublattice M3 or N5. In addition, say that L is

join-semidistributive if, for all z, vy, and z in L,

xVy=xVzimplieszVy=zV(yAz) (SDy)
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and L is meet-semidistributive if, for all z, y, and 2z in L,

rAy=xAzimplieszAy=zA YV z). (SDn)

Note that SDy and SD, are dual statements of each other. Any statement about
lattices can be dualized by replacing every A with V and vice-versa.

An algebra A = (A; F) is a non-empty set of elements, A, called the universe
of A and a set, F, of finitary operations. Each operation f in F' is a function from
A™ to A for some n and f is an n-ary operation. A common example of an algebra
is a group G = (G;0,7!,id) with a binary, a unary, and a nullary operation that

satisfies the following three identities for all x,y, and 2z in G:
L. zo(yoz)=(xoy)oz
2. xoid=1dox =z, and
3. roz l=x1lox =1id

Another well-known example is a wvector space V. = (V;4+,—,0,{f;},cz) with a
binary operation 4+, a unary operation —, a nullary operation 0, and, for each r, a
unary operation f, equal to scalar multiplication by the element r. In fact, a finite
lattice L = (L; A, V,0,1) is also an algebra with finite universe L and two binary

and two nullary operations that satisfies the following equations for all z, ¥, and z

in L:

(xVy)Vz=zV(yVz), (@Ay)Az=zAYyA2), (associativity)
tVy=yVuz, TANy=yAz, (commutativity)
zVr=uzx, T AT =z, (idempotency)

zV(zAy) ==z A (xVy)=uz. (absorption)

6
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An algebra A is a finite algebra if the universe of A is a finite set of elements.
In this thesis, every algebra discussed is a finite algebra. An algebra is trivial if
it has only one element. A subalgebra of A is a subset of A that is closed under
the operations of A. Examples of subalgebras include the sublattices of a lattice.
A direct product of two algebras A and B with the same operations F is denoted
A x B and any operation f on elements in the universe A x B is done coordinate-
wise. If n is some integer greater than 1, then A" is the direct product n times
of A. Another interesting family of algebras, which I discuss in Chapter 4, are the

Boolean meet-semilattices, defined for all n > 0 to be (2,)" = (2"; A) where

2" = {{ay,...,a,) | a; € {0,1}}

and the meet operation is applied coordinatewise.

A function o mapping a set A to a set B is one-to-one if, for all a; and ay in
A, afay) = afag) implies a; = ag. The map « is onto if, to every b in B, there
corresponds an a in A such that a(a) = b. A map that is both one-to-one and onto is
called a bijection. A permutation of a set S is a one-to-one and onto function from S
to itself. The set of all permutations of n elements form a group of size n! called the
symmetric group and is denoted X,,. If o maps an algebra A to an algebra B of the
same type, then « is operation preserving if a(f(a1,...,a,)) = fla(ay),...,ala,))
for all n, all a,...,a, in A, and every n-ary operation f in . Amapa: A — B
is a homomorphism if it is operation preserving. If o is an onto map then B is a
homomorphic image of A. If o is a homomorphism mapping A to itself, then « is
an endomorphism. We can now define the variety of A, or V({A}), as the set of all
homomorphic images of subalgebras of direct products of A.

Suppose A is a subalgebra of [[;_, A; and let {ji,...,jm} C {1,...,n}. Then

the mapping 7;,, ;. : A — [[i=, Aj,, defined by 7;,, _; (a1,...,a,) = (aj,,...,a;,),
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is the projection of A onto [[;*; Aj,. If m(A) = A, for all 4, then A is a subdirect
product of [}, A; and this is denoted A 3 [T, A

A relation R on a set A is said to be symmetric if a; R a9 if and only if as R a;
for all a; and as in A. An equivalence relation 6 on a set A is a subset of A? that
is reflexive, symmetric, and transitive. The set of all equivalence relations on A
form a lattice, the lattice of equivalence relations on A, and is denoted Eq(A). A
congruence, 8, on A is an equivalence relation on the universe of A that is preserved
by all of the operations in F'; that is, for all n and {a;, b;) in 6 where i = 1,...,n, the
pair (f(a,...,a,), f(b1,...,by)) is in @ for every n-ary operation f. For any a in A
and congruence 6 of A, the congruence class of a in @ is the the set of all bin A such
that (a, b) is in 6 and is denoted a/f. For ay,...,a, in an algebra A, the congruence
generated by the set {ai,...,a,} is the smallest congruence such that ay,...,a, are
in the same congruence class and is denoted Cg(ay,...,a,). Moreover, for any x
and y in A, the congruence Cy(z,y) is called a principal congruence. The set of
all congruences of A form a lattice, denoted Con(A), and 0 and 1 in Con(A) are
often denoted A and V, respectively. A finite lattice L is finitely fermentable if L
and Con(L) have the same number of join-irreducible elements and an algebra A
is congruence-distributive if Con(A) is a distributive lattice.

Now, two algebras A and B are isomorphic to each other if there exists a bijective
homomorphism « mapping A to B and this is denoted A = B. In addition, « is
an isomorphism. In the case where A = B, call a an automorphism. The identity
automorphism of A is often denoted id. In fact, the set of automorphisms of an
algebra A form a group, called the automorphism group of A, a result which is given
later in Theorem 4.3. An automorphism ® of Con(A) is said to be carried by a
function ¢ if

() = {{d(x), d(y)) €c Ax Az 0y}
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Figure 1.3: L embedded as a 0-1 sublattice of L'

for all 6 in Con(A). We then define the graph of an automorphism ¢ of a lattice
L to be the subset G of L x L such that G = {(z,y) € LxL: ¢(z) =y}. We
say a lattice L can be embedded in L' if I’ has a sublattice isomorphic to L (see
Figure 1.3). If, for some finite lattice L, there exists a finite algebra A such that
L is isomorphic to the congruence lattice of A — that is, L = Con(A) — then
L is representable by A. An example is the lattice M3 which is representable by
the trivial 3-element algebra without any operations. L is strongly representable if,
whenever L can be embedded in the lattice of equivalence relations of a set S, L
can be represented by an algebra on §.

For the following, let L = Con(A) for some finite algebra A. If every 0-1
sublattice of L is the congruence lattice of an algebra on the universe A of A, then
L is hereditary. In addition, L is power-hereditary if every 0-1 sublattice of L™ is the
congruence lattice of an algebra on A", the universe of A™. The congruence lattice
Con(A) is then called a power-hereditary representation of L.

A few terms from graph theory are needed for the following discussion and are
taken from [12]. We consider a graph (V,E) as a binary relation E on a set of
vertices V. The set E is the edge set and is a subset of V x V. We call (a,b)

in E an arc in the graph. If F is symmetric, then the graph is undirected. A

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



function o mapping a graph (V, E) to another graph (U, F) is a graph isomorphism
if : V — U is one-to-one, onto, and (a, b) is in £ if and only if (a(a), a(b)) is in
F. A graph automorphism is an isomorphism mapping a graph to itself. If G is a
group of graph automorphisms on the undirected graph (V, E), then (E;G) is an
algebra with unary operations g € G where g : E — E. In addition, G is vertex-
transitive if, for every pair of vertices v; and vy in V, there exists a ¢ in G such
that ¢(vy) = ve. Likewise, G is arc-transitive if it acts similarly on the set of arcs.
The stabilizer of a point a in V is the set G, = {g € G | g(a) = a} and, for a set

of points {a, b}, G, = G, N Gy is their pointwise stabilizer and
Giapy = {9 € G| (9(a) = a and g(b) = b) or (g(a) = b and g(b) = a)}

their setwise stabilizer.

Finally, for some set of constant symbols or variables t;,...,%, and an n-ary
relation symbol r, the formula r(¢1,...,t,) is an atomic formula. A primitive posi-
tive formula is an existentially quantified conjunction of atomic formulas. That is,
a primitive positive formula consists only of existentially quantified variables (i.e.
Jdxy, 29), logical conjunction symbols (A), and atomic formulas. In this thesis, the
only atomic formulas are used with equivalence relations s;; and are of the form

r(z1,z2) defined such that

11 o if and only if dxs,...,z, /\ Ti Sij Tj.
1<i<j<n

It is important to note that conjunction, also represented by the symbol A, should

not be confused with the meet operation. It should be clear from the context which

is being used.

10
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1.3 History of the problem

In 1970, Quackenbush and Wolk proved a very important result about finite dis-
tributive lattices:

Theorem 1.1. [16] Every finite distributive lattice is strongly representable.

Four years later, Pudldk and Ttuma described the class of finitely fermentable

lattices and proved the following results about them.
Theorem 1.2. [14]

(a) A lattice L is finitely fermentable if and only if it is finite and L and Con(L)

have the same number of join-irreducible elements.

(b) The class of finitely fermentable lattices is closed under homomorphisms, sub-

lattices, and finite direct products.
(c) Fuvery finitely fermentable lattice is representable.

Thus, a finitely fermentable lattice L is not only representable but every lattice
in the variety of L is also representable!
Then, in 1980, a surprising connection was drawn by Palfy and Pudlak in the

following theorem.
Theorem 1.3. [13] The following statements are equivalent:
(a) Any finite lattice is isomorphic to the congruence lattice of a finite algebra.

(b) Any finite lattice is isomorphic to an interval of the subgroup lattice of a finite
group.

Palfy used this result again, over 20 years later, in the proof of Theorem 1.12.
More recent work has been done on the Finite Lattice Congruence Representation

Problem by Snow, Palfy, and Heged{is, amongst others. In 2000, through studying

11
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the primitive positive formulas on the lattice of equivalence relations of a set, Snow
provided in Corollary 2.3 of [18] an important necessary and sufficient condition for

a 0-1 sublattice of Eq(A) to be the congruence lattice of an algebra on the set A.

Lemma 1.4. [18] Suppose L is a 0-1 lattice of equivalence relations on a finite set
A. There is an algebra A on A with Con(A) = L if and only if L contains every

equivalence relation o on A definable by primitive positive formulas of the form

x1 0 Ty if and only if Fxs,...,x, /\ T Sij T; (C)

1<i<j<n

where s;; are in L. (That is, every equivalence relation generated in this way is

already an element of L.)

As Lemma 1.4 is used frequently in Section 3.3, say that L, a 0-1 lattice of equiv-
alence relations on a finite set A, is closed under primitive positive formulas if L
contains every equivalence relation on A definable by primitive positive formulas of
the form (C).

In the same paper, Snow developed various methods from which new repre-
sentable lattices could be constructed from known representable lattices. Some of

these methods are presented in the next two lemmas.

Lemma 1.5. [18] Suppose A is finite algebra and o and § are equivalence relations

on A. There is an algebra A’ on A with
Con(A')={z € Con(A):z < aorz >}

Lemma 1.6. [18] The class of representable lattices is closed under subintervals.

The main theorem of [18], which is presented next, is an example of the appli-

cation of these methods.

12
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Theorem 1.7. [18] Every finite lattice which contains no three element antichain

is representable.

A few years later in another paper, Snow proved the following about the lattice

M;.

Theorem 1.8. [19] Every finite lattice in the variety generated by Mj is repre-

sentable.

This result led Pélfy and Heged{is to introduce the idea of hereditary and power-
hereditary congruence lattices. They then reformulated Theorem 1.8 in terms of

congruence heredity in the next theorem.
Theorem 1.9. [7] M3 is a power-hereditary congruence lattice.

Another valuable result from this paper — a result which provides the “back-
bone” to the proofs in Chapter 2 of this thesis — is the following theorem about sub-
direct products. It states that to prove a congruence lattice L is power-hereditary,

I need only consider a subset of the sublattices of L x L.

Theorem 1.10. [7] Let X be a finite set and L C Eq(X) a 0-1 sublattice. If every
subdirect product L C L x L C Eq(X?) containing ({0} x L) U (L x {1}) is a

congruence lattice, then L C Eq(X) is a power-hereditary congruence lattice.

In response to Palfy and Hegediis, Snow used Theorem 1.10 in the proofs of the

following results for finite algebras A and B.
Theorem 1.11. [20]

(a) If Con(A) is distributive, then cvery subdircct product of Con(A) and Con(B)
15 a congruence lattice of an algebra on A x B, where A and B are the universes

of A and B, respectively.

13
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(b) If Con(A) is distributive and Con(B) is power-hereditary, then Con(A) x

Con(B) is power-hereditary.

(c) If Con(A) is isomorphic to N5 and Con(B) is modular, then every subdirect

product of Con(A) and Con(B) is representable.
(d) Every congruence lattice representation of Ny is power-hereditary.

The next result by Palfy gives a sufficent condition for a representation of Mj

to not be power-hereditary.

Theorem 1.12. [12] Let (V, E) be a finite undirected graph and G < Aut(V, E)
a group of graph automorphisms. Let (u,v) € E be an arbitrary arc. Suppose the

following:

(a) The graph (V, E) does not contain any triangle.

(b) G is vertez-transitive.

(c) G is arc-transitive.

(d) Gy is contained in exactly five subgroups: Guy, Gu, Gu, Giuwy, G.
Then Con((E; G)) = Ms is not power-hereditary.

In the same paper, Palfy then provided an example — the Higman-Sims sporadic
simple group — that satisfies Theorem 1.12. This last result states that certain lat-
tices have both power-hereditary and non-power-hereditary representations. Thus,
the property is not uniform for every representation of a lattice as Theorem 1.11 (d)

might lead some to believe.

Snow’s next result involves Day’s doubling construction for convex sets in lattices

described in [3].

14
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Theorem 1.13. [21] Suppose L is a finite lattice obtained from a distributive lattice

by doubling a convex set. Every congruence lattice representation of Li is hereditary.

Finally, during the time that research was being done for this thesis, Snow proved

the following result about the congruence lattices of finite vector spaces.
Theorem 1.14. [23] Suppose that V is a finite vector space.

(a) The congruence lattice of V is hereditary if and only if either V is simple and
dim V=1 orV is Zy° or Zy°.

(b) The congruence lattice of V is power-hereditary if and only if either V is simple
and dim V =1 or V is Zy2.

15
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Chapter 2

Power-hereditary Representations

of S7 and S7>l<

In this chapter, I discuss two lattices and prove necessary and sufficient conditions
for congruence lattice representations of these lattices to be power-hereditary. In
Section 2.1, I introduce S, the smallest meet-semidistributive lattice not satisfying
the join-semidistributive law, and S7*, the smallest join-semidistributive lattice not
satisfying the meet-semidistributive law, and provide some useful lemmas. Then, in
Section 2.2, I prove a necessary and sufficient condition for a representation of S

to be power-hereditary. Finally, I provide a similar condition for S;* in Section 2.3.

2.1 The lattices S; and S;*

When I was initially looking for questions to try and answer for my thesis, John
Snow suggested I pick my favourite small lattice and find the power-hereditary rep-
resentations of it. After some discussion, my thesis supervisor, Jennifer Hyndman,
and I decided that I would begin my research with the lattices S; and its dual S;*

(see Figure 2.1). In order to discuss why these specific lattices are important, recall

16
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0 S; 0 S;*

Figure 2.1: The lattices S; and S;*

from Section 1.2 that a lattice L has the join-semidistributive property if, for all z,
y, and z in L,
zVy=zVzimplieszVy=2zV(yAz) (SDy)

and a lattice has the meet-semidistributive property if, for all z, y, and z in L,
zAy=xAzimpliesz Ay=zA(yV z). (SDn)

The following well-known result concerns S; and S;*.

Theorem 2.1. The lattice S is the smallest lattice satisfying SD, but not SDy and

S.* is the smallest lattice satisfying SDy but not SDx.

In fact, S; and S;* play quite an important role in Tame Congruence Theory
when they show up as sublattices of congruence lattices of finite algebras [8]. For
instance, when S; can be embedded as the sublattice of a congruence lattice of a
finite algebra A, then the congruence lattices of algebras in V(A) satisfy no lattice
identity. Hence, studying the power-hereditary representations of 8; and S;* may
have far-reaching consequences in other areas of Universal Algebra.

It has already been proven in [20] that every representation of Ny is power-

hereditary. As V(Nj) is covered by varieties generated by S; and S;* [9], it is

17
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reasonable to ask similar questions about these two lattices. Although I am unable
to prove as strong a result for S; or S;* (perhaps because they both may have non-
power-hereditary representations), I provide necessary and sufficient conditions in
Section 2.2 and 2.3 for representations of either to be power-hereditary.

In order to prove the main theorems of this chapter, I first need some previously
known results. This first lemma shows that, when considering the congruences of

an algebra, I only need to consider the principal congruences.

Lemma 2.2. [1] Let A be an algebra, and suppose ay,by,...,a,,b, € A and 6 €
Con(A). Then

(a) Cglay,b1) = Cy(by, a1)

(b) Cg({ay,b1},...,{an,by)) =Cglar,b1) V...V Cg(a,,by,)

(c) Cyglay,...,a,) = Cglay,az) VvV Cglas,a3) V...V Cqg(an—1,ay)
(d) 6 =U{Cy(a,b): {a,b) € 6} = V{Cy(a,b): (a,b) € 0}.

The next lemma says that certain nicely defined sublattices of the square of
a congruence lattice of an algebra A are congruence lattices of algebras on the

underlying set of A x A.

Lemma 2.3. [20] Suppose that K is the congruence lattice of a finite algebra A and
let L = {{u,v) € KxK:u<wv}. ThenL is the congruence lattice of an algebra

on the universe of A x A.

The following lemma states that the intersection of the congruence lattices of
two algebras on the same universe is also the congruence lattice of an algebra on

that universe.

Lemma 2.4. [18] Suppose A and B are algebras on a set A. There is an algebra
C on A so that Con(C) = Con(A) N Con(B).

18
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Finally, I need a lemma first stated in correspondence with John Snow. I provide

the necessary proof.

Lemma 2.5. If L is the congruence lattice of an algebra A, then L x L is the

congruence lattice of an algebra on the universe of A x A.

Proof. Let L = Con(A). By Lemma 1.4, the lattice L is closed under primitive

positive formulas of the form

dzs, ..., 2z, /\ T; 8ij T;
1<i<j<n

where s; ; are in L.
Now consider L x L, the lattice of equivalence relations on the set A x A of the

form (c, 3) where @ and § are in L and, for (z1,y1) and (z2,y2) in A x A,

(x1,71) (o, B) (@2, Y2)
if and only if
1 a x9 and y1 G yo.

Let ¢ be an equivalence relation on A x A defined by a primitive positive formula

as

(T1,y1) 0 (T2, 42) & Ha3,93), - -+, (Tny Yn) /\ (i, Yi) (Sigytig) (T4, Y5)
1<i<j<n

where each (s;;,%;;) is in L x L. Since each (s;;,t;;) applies coordinatewise, it

follows that o = {«, 3) where

T @ Ty dx3,...,T, /\ Ti Sij Tj
1<i<j<n

19
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and

Y1 B Y2 < Yz, -, Yn /\ Yi tij Yj-
1<i<j<n

However, o and § must both be in L as it is closed under primitive positive formulas.
Hence 0 = {«, 3) is an element of L x L. Thus L x L is closed under primitive positive

formulas of the form

Hws, ys)s - - {Tn, Yn) /\ (Zi,¥s) (8i4,ti5) (T4, 95)

1<i<j<n

and, by Lemma 1.4, is the congruence lattice of an algebra on A x A. |

2.2 A necessary and sufficient condition for a rep-
resentation of S; to be power-hereditary

I now provide a necessary and sufficient condition for a congruence lattice repre-
sentation of S; to be power-hereditary. For any algebra A such that Con(A) =
S7, I show that all but five subdirect products of Con(A) x Con(A) containing
({0} x Con(A)) U (Con(A) x {1}) are congruence lattices of algebras on the uni-
verse of A X A. Then, in Theorem 2.14, I prove that if Lg, a particular one of those
five subdirect products, is a congruence lattice, then so are the other four. Hence
by Theorem 1.10, Con(A) is power-hereditary if Ly is the congruence lattice of an
algebra on the universe of A x A.

Before I proceed with the proot, though, 1 define some useful notation. For this
section, let A be an algebra such that Con(A) is isomorphic to S7. Note that such
an A exists since S; = Con((2 A)2) as is discussed in Section 3.1. Notationally then,
when Sy is referred to, it is as the lattice of congruences on A. Suppose that L is

the subdirect product of K x M for some finite lattices K and M. Then, for any y
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in M, define

?JE:\/{:EEK : (x,y) € L} and

yy :/\{xEK:<x,y> € L}

As (yly) = Mz € M : (z,y) € L}, it follows that (y] y) is in L. Similarly
(yﬁ, y) is in L. Note that ™ is written for yﬁ where the context makes the lattice
L clear. The following useful lemma relates to ¢ and %*. The proof is provided for

completeness.

Lemma 2.6. Let K and M be finite lattices and let L be a subdirect product of K
and M.

(a) For anyxz € K andy € M, (z,y) € L if and only if y* <z < y".
(b) The map y — y* is a join homomorphism.

(c) The map y — y" is a meet homomorphism.

Proof. (a): Suppose (x,y) is in L. Then z is in {z € K : (z,y) € L}. Thus z <
V{izeK:(z,y) €L} and z > A{z € K : (z,y) € L}. Therefore, y¥ < z <y

Now, suppose y¥ < z < yf. There exists a in M such that {z,a) is in L as
L is a subdirect product. Hence (z,a) A (yT,y) = (z,a A y) is in L which implies
(b, u) Viz,any) = (z,yV(aAy)) = (z,9) is in L.

(b): Let a and b be elements of M. Then (a%,a) and (b",b) are in L which
implies (a' V b%, a V b) is also an element of L. Thus (a V b)* < at v b* by (a).

Now, since (a¥,a) and ((a V b)*,a Vv b) are in L it follows that (a¥ A (a V b)*, a A
(aV b)) = (a* A (aVb),a) is also in L. Hence a* < a¥ A (a Vb)Y so at < (aVb)'.
Similarly, b* < (a V b)* so at V¥ < (a V b)*.

Finally, (a Vb)* < a* vV b¥ and a¥ v b* < (a Vb)Y means a' V b¢ = (a VvV b)*.

Therefore, the map y — %" is a join homomorphism.
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(c): This is the dual argument of (b). [

The following lemma concerns subdirect product of finite lattices K and M

containing ({0} x M) U (K x {1}).

Lemma 2.7. IfL is a subdirect product of finite lattices K and M, then the following

are equivalent:
(a) (0,1 is in L,

(b) Kx {1} C L,

() {0} x M CL,

(d) ({0} x M)U (K x {1}) € L,
() y¥ =0 for ally in M,

(f) 1% =0.

Proof. Suppose (0,1) is in L. Since L is a subdirect product, for each x in K, there
exists some a in M such that that (z,a) is in L. Hence, (x,a) V (0,1) = (z,1) is in
L for all z in K. Thus, K x {1} C L and, by a similar argument, {0} x M C L as
well. This in turn implies that ({0} x M) U (K x {1}) C L. In addition, (0,1) in L
implies 1¥ = 0. Thus, (a) implies (b), (c), (d), and (f).

Now note that {0} x M, K x {1}, and ({0} x M) U (K x {1}) all contain (0, 1),
so (b), (c), and (d) all imply (a). As well, (1¥,1) = (0,1) is in L so (f) implies (a).
Finally, {0} x M C L implies that (0,y) is in L for all y in M. And so, y¥ = 0 for
all y in M. Moreover, 1¥ = 0 and (0, 1) is in L. [ |

Lemma 2.6 states that a A b = b implies a™ A b" = bT for all a and b in K. This

fact, combined with Lemma 2.7, yield the following corollary.
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Corollary 2.8. Let L be a subdirect product of finite K x M containing ({0} x M)U

(K x {1}). Then

(a) L = U{(x,y)EKXM:OSLESyﬂ}= U{(x,y)EKxM:xSyﬂ}, and
yeM YyeEM

(b) y < z implies y" < 2T for all y and z in M.

Before starting the main part of the proof, the following necessary lemma shows

that certain subsets of elements of K x M are sublattices of K x M.

Lemma 2.9. If L is a subset of K x M such that

L= |J{(zy) e KxM:0<z < f(y)}
yeM
where f is a meet-homomorphism such that f : M — K and y < z implies f(y) <
f(2) for ally and z in M, then L < K x M. Similarly, if

L=|J{(zy) eKxM:g(z) <y<1},

zeK

where g is a join-homomorphism such that g : K — M and x < z implies g(z) <
g(2) for allxz and z in K, then L < K x M.
Proof. First, consider L = U {{z,y) e KxM:0 <z < f(y)}. Let (s,t) and

yeM
(u,v) be in L. Then (s,t) A (u,v) = (s Au,t Av) where t Av is in M. Also,

since s < f(t) and u < f(v), the element s Au < f(t) A f(v) < f(t Av). Hence
(s Nu,t Av) = (s,t) A (u,v) is in L.

Now, (s,t) V (u,v) = (s Vu,t Vv) where t Vv is in M. Also, since s < f(¢) and
u < f(v), the element s Vu < f(t) V f{v) < f(tVv)V f(t Vo) = f(t Vo). Thus
(s Vu,t V) = (s,t) V (u,v) is in L. Therefore, since L is closed under meet and

join, the lattice L is a sublattice of K x M.
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If L = U{(a:,y) € KxM: g(z) <y < 1}, then by a dual argument, L <

zeK
K x M. [

Corollary 2.8 (a) implies that a sublattice of Sy x S7 containing ({0} x S7) U
(S7 x {1}) is uniquely determined by the values of the " function. The following
series of lemmas show that all but five subdirect products of S; X S; containing
({0} x S7) U (S7 x {1}) are always congruence lattices of algebras on the underlying
set of A x A. The remaining five sublattices will be congruence lattices on the
underlying set of A x A if and only if a particular one of the five is. As it turns
out, the following proofs are dependent almost entirely on y™ where y is any of the
three co-atoms a, b, or ¢ of Sy.

I prove the various subdirect products containing ({0} x S7) U (S; x {1}) are
congruence lattices by considering first in Lemma 2.10 the ones that satisfy a® < ¢
or BT < ¢, T next show in Lemma 2.11 that if L satisfies a™ > ¢ and b1 >
then L is a congruence lattice. After this, I show in Lemma 2.12 that two of the
the four subdirect products satisfying a™ > ¢ and b || ¢ are congruence lattices
of algebras on the underlying set of A x A. Similarly, by a symmetric argument to
Lemma 2.12, I show that two of the the four subdirect products satisfying bT > ¢t
and af I ¢ are congruence lattices. Then, in Lemma 2.13, I show that one of the
two subdirect products satisfying a || ¢ and b || ¢ is a congruence lattice. Finally,
in Theorem 2.14, I deal with the five remaining subdirect products. Throughout
the proofs, the elements of S; will be referred to according to the labelling given in

Figure 2.1.

Lemma 2.10. Suppose L is a subdirect product of S; x S; containing the elements
({0} x S7) U (S7 x {1}). Ifa™ < ¢ or b" < ", then L is the congruence lattice of

an algebra on the underlying set of A x A.
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Proof. First, suppose a® < ¢ I show in the following that L= U N V N W where

U = {{z,9) € S7 xS7: (x,y) > (0,b) or {z,y) < (" 1)},
V = {{z,y) €S; xS7: (z,y) > (0,d) or (z,y) < (b 1)}, and

W = {{z,y) €S7 x S7: (z,y) > (0,€) or (z,y) < (a’,a)}.

Then, by Lemma 1.5, since S; X S7 is a congruence lattice, so are U, V, and W.
Therefore, since L = U NV N'W as shown below, Lemma 2.4 states that L is also
a congruence lattice.

First, I show L C U. Note that for all (z,%) in L such that y* < c", the pair
{(z,y) < (c" 1) by Lemma 2.6 (a). By assumption af < ¢m, so it follows from
Corollary 2.8 that d, e, and 0T are all less than . For every (z,y) in L such that
y =bor y =1 the pair (z,y) is greater than or equal to (0,b). Therefore, L C U.

Next, I show L C V. For all (x,y) in L such that y > d it follows directly
that (x,y) > (0,d). This leaves for consideration the set {(x,y) € L:y < b}. Since
et < b and 0T < b7, for all (x,y) in L such that y < b it follows that (z,y) < (b1, 1).
Therefore, LC V.

Now to show L C W, I first note that for all (z,y) in L where y > e the pair
(x,y) > (0,e). This leaves the set {(z,y) € L : y < a} for consideration. Since
d" < am and 0T < a® by Corollary 2.8, for all (z,y) in L such that y < a it follows
that (x,y) < {a®,a). Hence L C W. Thus, because L is a subset of U, V, and W,
Ilhave LCUNVNW.

I next show that U N VN W C L. Suppose {(x,y) is an element of U N V N W.
Then (z,y) is either greater than or less than a defining element in each of the three
sets. Hence there are eight cases. Only six cases must be considered, though, as
there are no elements of S; x Sy that satisfy (z,y) > (0,b) and (z,y) < (a, a).

Fix (x,y) in UNVNW. First, assume (z,y) > (0,b), (z,y) > (0,d), and (z,y) >
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(0,e). Thus (z,y) > (0,b) V (0,d) = (0,1). Therefore, (z,y) is in (S7 x {1}) C L.

Second, assume (x,y) > (0,b), (z,y) < (b", 1), and (z,y) > (0,€). Since (0,b) >
(0, €), the pair (z,7) is an element in S; x S such that 0 <z < b" and b <y < 1.
But this just means {r,y) is in one of the sets {(z,b) € Sy x S7: 0 < z < b} or
{{x,1) € S xS;:0<z < b} C {{2,1) € S; xS;: 0 <z < 1M} and both are
contained in L by Corollary 2.8.

Third, assume (z,y) < {c', 1), (z,y) > (0,d), and (z,y) > (0,¢). Then (x,y) >
(0,d) v (0,e) = (0,c). Hence (z,y) is an element such that 0 < z < cM and
¢ <y < 1. Thus (z,y) is in one of the sets {{z,c) € S; xS7: 0 <z < ¢} or
{{z,1) €Sy xS;:0< 2 <M C {(x,1) € Sy x Sy : 0 < z < 1M}, both contained
in L by Corollary 2.8.

Fourth, assume (z,y) < {(c" 1), (z,y) > (0,d), and (z,y) < (a®,a). Since
a™ < ¢ it follows that (a®, a) A (c",1) = (a®,a). Then, (z,y) satisfies 0 < z < ol
and d <y < a. Now, from Lemma 2.6 (c), a Ac = d implies that a™ A c" = dT which
in turn implies that a™ = d. Therefore, (z,y) is either in {{x,a) € S7 x S7: 0 <
z<a}or {{x,d) €Sy xS;:0<z<a}={(z,d) €Sy xS;:0< x<d"}, both
of which are contained in L by Corollary 2.8.

Fifth, assume (z,7y) < (c",1), (z,y) < (6", 1), and (z,y) > (0,e). Then (z,y) <
(e" 1) A (b7, 1) = (e, 1) by Lemma 2.6. Hence (x,y) satisfies 0 < z < e and
e <y < 1 which means (z,y) is in {(z,e) € S; x S7: 0 <z < €}, {{z,b) €
S;xS;:0<z<el C{{x,b) €Sy xS7:0<z<b, {{z,c) €Sy xS7:0<
z<el} C{{z,c) €Sy xS7:0<x <M} or {{r,1) €Sy xS;:0<x<el} C
{{z,1) € S; x S; : 0 < z < 17} which are all contained in L by Corollary 2.8.

Finally, assume (z,y) < (c", 1), (z,y) < (b1 1), and (z,y) < (a',a). The pair
(x,y) must be less than or equal to (c", 1) A (bT, 1) A(a™,a) = (07, a). Thus (z,y) is
in one of the sets {(z,a) € Sy xS;:0< 2z < 0"} C {{z,a) €S;xS7:0< x <all},

{{z,d) € S xS7:0< 2 < 0" C{{x,d) € Sy xS7:0<xz <dM, or {{(z,0) €
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Sy x S7: 0 <z <07}, all contained in L by Corollary 2.8.

Therefore, UN VN W C L and I conclude that L = UNV N'W. Therefore, by
Lemma 2.4, L is the congruence lattice of an algebra on the universe of A x A.

If b < ¢, then the argument is completely symmetric and may be done by

interchanging a and b and interchanging d and e in the previous paragraphs. |

The previous lemma covers the cases where either a™ < ¢ or b" < ¢ and I now

consider the cases where a' £ ¢ and b £ .

Lemma 2.11. Suppose L is a subdirect product of S; x S; containing the elements
({0} x S7) U (Sy x {1}). If b1 > ¢ and a™ > ¢", then L is the congruence lattice of

an algebra on the underlying set of A X A.

Proof. Similar to the proof of Lemma 2.10, I show in the following that L= UnNV

where

U = {{(z,y) €Sy xS7: {(z,9) > (0,b) or {x,y) < {(aT,1)}, and

V = {{z,y) €S7xS7:{z,y) > (0,a) or (z,y) < (b, 1)}.

Then, by Lemma 1.5, since S; X S7 is a congruence lattice, so are U and V and it
follows, by Lemma 2.4, that L is also a congruence lattice.

First, I show that L € U N V. Since ¢ < af, it follows that de", and O
are all less than a®. Then (z,y) £ (a”,1) only if y = bor y = 1. But this means
(x,y) > (0,b). Thus, L C U and by a similar argument L C V. Therefore,
LCUNYV.

Now, to show U NV C L, pick (z,y) in U N V. Then (z,y) is either greater
than or less than an element in both of the sets. First, assume (z,y) > (0,b) and
(x,y) > (0,a). Then (z,y) is greater than or equal to (0,b) V (0,a) = (0,1) and,

since (S7 x {1}) is contained in L, the pair (z,y) must be in L.
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Next, assume {(z,y) > (0,b) and {z,y) < (b, 1). If (0,b) < {z,y) < (b7, 1), then
(z,y) is in {{(z,b) € Sy xS7:0 <z < b} or {(z,1) € S7 xS7: 0 <z < b},
both of which are contained in L as b" < 1%, The case when (z,y) < (a®,1) and
(x,y) > (0,a) follows a symmetric argument.

Finally, assume (z,y) < {(a™, 1) and (z,y) < (b, 1). Since (a™, 1) A (b7, 1) =
(0™, 1), the pair (z,y) is in {(z,y) € S7 x Sy : 0 < z < 0"} which is contained in
{{z,y) € S7 x S;:0 <z < y"}, a subset of L by Corollary 2.8.

Thus, UNV C L and it follows that L = UNV. Therefore, L is the congruence

lattice of an algebra on the universe of A x A. [ |

I now reduce the number of remaining cases to be considered. Assume for now
that L is a subdirect product of S;x S containing the elements ({0} x S7)U(S7x{1})
where a® > ¢ and b" is incomparable with cf.

Suppose ¢ is in the set {a,b,c}. Then a™ = 1 which implies (1,a) A (bT,b) =
(b1,0) is in L. Hence b" < 0T but 0" < ¢ so b < ¢ which contradicts our
assumption. Thus, ¢ = d or ¢ = e.

Now, suppose ¢! = d. Then a' is in {a, c} as a™ = 1 would lead to a contradiction
similar to the one in the previous paragraph. Also, b" is in {b, e} which implies (e, b)
is in L. If a = ¢, then {c,a) is in L which implies (c,a) A (e,b) = {(e,0) is also in
L. Thus {(e,0) V (0,c) = (e, ¢) is in L, as well. But this leads to a contradiction as
{e,c) V {d,c) = {c,c) will be an element of L yielding a < M.

Therefore, if ¢ = d, then o = a and b" is in {b, e}. By a parallel argument, if
c" = e, then a = b and b is in {a,d}. Consequently, there are only four subdirect
products of S; x S; containing ({0} x S7) U (S7 x {1}) that occur when a® > cf
and b1 || ¢M. T show in the next lemma that the two subdirect products satisfying
" =d, a = a, and b in {b, e} are congruence lattices whereas the two subdirect

products resulting when ¢ = e, a® = b, and b" is in {a,d} will be dealt with in the
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Theorem 2.14.

Lemma 2.12. Suppose L is a subdirect product of S7 X S; containing the elements
({0} x S7) U (S7 x {1}). If " = d, a" = a, and b is in {b,e}, then L is the

congruence lattice of an algebra on the underlying set of A X< A.

Proof. Let h be in {b,e} and let f: S; — S7 be the meet homomorphism f(0) =
fle) =0, f(d) = f(c) = f(a) = a, f(1) =1, and f(b) = h. I show in the following
that L = U N V where

U = {{(z,y) €Sy xS7:2 <y} and

V = {(z,y) €Sy xSr:z< f(y)}.

Recall
ylh = \/{x €S;: (z,y) eV}

Then Lemma 2.9 states that V is a lattice and note that V contains ({0} x S7) U
(S7 x {1}). Hence, since al, < ¢l, from Lemma 2.10 it follows that V is a congru-
ence lattice on the universe of A X A. Since the set V satisfies the hypothesis of
Lemma 2.9, the lattice V is a sublattice S; x S;. Thus, U is a congruence lattice on
the universe of A x A by Lemma 2.3 and V is a congruence lattice on the universe
of A x A by Lemma 2.10.

The sublattice of S; x S7 corresponding to UNYV is a subdirect product of S; xS~
containing ({0} x S7) U (S7 x {1}) such that o™ =a, " =cAa=d, b =bAh =h,
d"=dAa=4d, e" =eA0=0, and 0" = 0. This is precisely L, hence L = UNV.

Therefore, L is a congruence lattice on the universe of A x A by Lemma 2.4. W

Now suppose L is a subdirect product of S; x S; containing the elements ({0} x
S7) U (Sy x {1}) where b" > ¢ and a® || ¢". By an argument similar to the one

preceding Lemma 2.12, it follows that either ¢ = e, b" = b, and a' is in {a,d},
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or ¢ =d, b = a, and a® is in {b,e}. A symmetric proof to that of Lemma 2.12
shows that the two subdirect products satisfying ¢t = ¢, b = b, and a® in {a,d} are
congruence lattices of algebras on the universe of A x A. The two subdirect products
resulting when ¢t = d, " = a, and a' is in {b, e} are dealt with in Theorem 2.14.

The last case to consider is a™ || ¢ and b || ¢T. First, suppose a' is comparable
to b1, Without loss of generality, suppose a < bT. Then (a®,a) A (b7, ) = (aT,0)
is an element of L. But this means a® < 0" < ¢! which contradicts our assumption.
Hence a || b7 as well.

Now, the only possible three element antichain in S; is the set {a, b, c} which
means {a,b", ™} = {a, b, c}.

Suppose ¢ = a. That means b" = c or b = b. If b7 = ¢, then o' = b so
{e,b) A (b,a) = (e,0) is in L. Thus (0,¢) V {(e,0) = (e,c) is also in L. But then
{e,c)V{a,c) = (1,c) is in L which means b" < ¢ a contradiction. Similarly, if o™ = b
when ¢ = a, then {(c,a) A (b,b) = (e, 0) is in L so by the same reasoning a < ¢,
another contradiction. Supposing ¢ = b leads to the the same contradictions.

Therefore, in the case when a® || ¢t and b || ¢, the subdirect product must
satisfy ¢! = ¢ and either a™ = a and b" = b or a" = b and b" = a. The first of these

is dealt with in the following lemma, the second in Theorem 2.14.

Lemma 2.13. Suppose L is a subdirect product of S; x Sy containing the elements
({0} x S7) U (S7 x {1}). If L satisfies c" = ¢, a = a, and b = b, then L is a

congruence lattice of an algebra on the underlying set of A x A.

Proof. If ¢ = ¢, a® = a, and b" = b, then, by Lemma 2.6 (c), d" = d, et = e,
and 0" = 0. Thus L = {{z,y) € S7 x Sy : z < y} and is a congruence lattice by

Lemia 2.3. [

Now, define Lg to be the subdirect product of S; x S; containing ({0} x S7) U
(S7 x {1}) that satisfies ¢ = ¢, a® = b, and b = a (see Figure 2.2). Then, by
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Figure 2.2: The lattice Ly in Theorem 2.14 with some elements labelled
Lemma 2.6 (c), d" = ¢, e" = d, and 0T = 0 and by Corollary 2.8 the lattice Ly can

be written as

Ly = {<070>}

U{(.Z’,d>€S7XS7IO§Z’§6}

U{{z,e) €Sy xS7:0<z<d}
U {(z,a) € Sy x S7:0< 2z <b}
U{{x,c) €S7 xS7:0<z<c}
U{{x,b) €S xS7:0<z<a}
U{{z,1) €Sy xS7:0<z<1}

It turns out that the remaining five subdirect products will be congruence lattices

of algebras on the universe of A x A if and only if the lattice Lgy is a congruence
lattice of an algebra on the universe of A x A. Thus, S; is power-hereditary if Ly

is a congruence lattice — the main result of this section.
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Theorem 2.14. Con(A) is a power-hereditary congruence lattice (and a power-
hereditary representation of S7) if and only if Ly is the congruence lattice of an

algebra on the underlying set of A x A.

Proof. Suppose Con(A) is a power-hereditary congruence lattice. Then, by defini-
tion, every 0-1 sublattice of S; x S7 is the congruence lattice of an algebra on the
universe of A X A. Therefore, Lg is also the congruence lattice of an algebra on the
universe of A x A.

For the other direction, suppose Ly is the congruence lattice of an algebra on
A x A. This leaves four subdirect products mentioned previously: the lattices that
occur when ¢t = e, a = b, and b" = k, where k = a or d, and the lattices that
occur when ¢ = d, b" = q, and a™ = h, where h = b or e.

Let f : S; — S; be the meet homomorphism f(0) = f(e) = 0, f(d) = f(c) =
fla)=0b, f(1) =1, and f(b) = k where k is in {a,d}. If L is a subdirect product of
S7 x S; containing the elements ({0} x S7)U (Sy x {1}) that satisfies ¢ = ¢, a™ = b,
and " = k, then L = Ly N V where

V = {(x,y) € S7 X S7 < f(y)}

Recall
ylh = \/{x €8Sy:{(z,y) eV}

Then Lemma 2.9 states that V is a lattice and note that V contains ({0} x S7) U
(S7 x {1}). Hence, since al, < ¢, from Lemma 2.10 it follows that V is a congru-
ence lattice on the universe of A x A. Thus, since Ly is a congruence lattice by
assumption, L is also the congruence lattice of an algebra on the universe of A x A.

The rest of the argument is similar to that of Lemma 2.12.

Now, let g : S7 — S7 be the meet homomorphism g(0) = g(d) =0, g(e) = g(c) =
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g(b) =a, g(1) =1, and g(a) = h where h is in {b,e}. If L is a subdirect product of
S7 X Sy containing the elements ({0} x S7)U(S7 x {1}) that satisfies ¢! = d, b = a,

and a = h in {b, e}, then L = Ly N W where
W = {(z,y) €S xSr:2 <g(y)}.

Recall
yhy = \/{z €St (x,y) e W,

Then Lemma 2.9 states that W is a lattice and note that W contains ({0} X
S7) U (Sy x {1}). Hence, since b}, < cll,, from Lemma 2.10 it follows that W is
a congruence lattice on the universe of A x A. And so, since Ly is a congruence
lattice by assumption, L is also the congruence lattice of an algebra on the universe
of A x A. The proof of this is again similar to that of Lemma 2.12.

Therefore, since every subdirect product of S; x S; containing ({0} x S7) U (S7 x
{1}) is the congruence lattice of an algebra on A x A, it follows from Theorem 1.10

that Con(A) is a power-hereditary congruence lattice. |

2.3 A necessary and sufficient condition for a rep-
resentation of S;* to be power-hereditary

Theorem 2.14 gives a necessary and sufficient condition for a representation of S7 to
be power-hereditary. In this section, I prove a similar condition for S;*. Note that
S7* is isomorphic to the dual of S; under the mapping ¢ where ¢(1) = 1, ¢(0) = 0,
Y(s) =a, Y(t) =0b, Y(r) =c, Y(p) = d and ¥(q) = e (see Figure 2.1).

For the sake of brevity, though, I note two important details that allow me to

refer one to the proofs in the previous section. All of the proofs for the following

33

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



lemmas and theorem are the dual arguments of Section 2.2, applied to the opposite
coordinate of 87" x 87*. Hence (d,b) A (e, c) = (0,¢€) in Sy x S7 is the dual statement
of {g,s) V (r,t) = {(¢,1) in S;" x S;* in opposite coordinates. Now, let L be a
subdirect product of K x M for finite lattices K and M. For all z in K, define

z! =\/{y€M:<x,y) € L} and

wlz/\{yEM:@c,y) € L}.

Note that Lemma 2.6, Corollary 2.8, and Lemma 2.9 all hold in symmetric forms
for T and .

For this section, let A be a finite algebra such that Con(A) is isomorphic to
S+;*. Notationally then, when S;* is referred to it is as the lattice of congruences of
A. Tt is not known if such an A exists.

The main part of the proof begins with the following lemma.

Lemma 2.15. Suppose L is a subdirect product of S;* X S;* containing the elements
({0} x S7*)U (S7* x {1}). If st > 1t ort! > 1!, then L is the congruence lattice of

an algebra on the underlying set of A x A.

Proof. If st > r!, then as in Lemma 2.10 L= U N V N W where

U = {{z,y) € Sy* x S7*: (z,y) > (0,7}) or {x,y) < {t,1)},
V o= {{z,y) € S7" x S;*: (z,y) > (0,t4) or (z,9) < (p,1)}, and

W = {{z,9) €8 x 8" 1 (z,9) > (s,8") or (z,9) < (¢, )}

Then, by Lemma 1.5, since S;* x S;* is a congruence lattice, so are U, V, and W.
Theretfore, since L =UNVNW, by Lemma 2.4, LL is also the congruence lattice of
an algebra on A x A.

If # > 7!, then the argument is symmetric to the previous paragraphs. |
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In the next lemma I consider the case where st < r and t* < 7!,

Lemma 2.16. Suppose L is a subdirect product of S7* X S7* containing the elements
({0} x S7*) U (S7* x {1}). If st <r! and t' < r!, then L is the congruence lattice

of an algebra on the underlying set of A x A.

Proof. If st < r! and t! < r!, then as in Lemma 2.11 L= U N V where

U = {{z,y) € S* xSy : (z,y) > (0,s") or (x,y) < (t, 1)}, and

V o= {{z,y) € S* x S¢*: {z,y) > {0,t}) or (z,y) < (s,1)}.

Then, by Lemma 1.5, since S7 x S; is a congruence lattice, so are U and V and it

follows, by Lemma 2.4, that L is also a congruence lattice. |

In the case where s < r! and #! || r! there are four subdirect products of
S7* x S;* that need to be considered — the lattices satisfying r! = p, st = s, and ¢
is in {g,t}, and the lattices satisfying r' = ¢, s = ¢, and #' is in {p, s}. I deal with

the first two lattices in the following lemma.

Lemma 2.17. Suppose L is a subdirect product of S;* x S;* containing the elements
({0} xSU(S7*x{1}). Ifrt =p, st = s, and t! isin {q,t}, then L is the congruence

lattice of an algebra on the underlying set of A x A.

Proof. Let h be in {q,t} and f : S; — S; be the join homomorphism such that

f0) = f(g) =1, f(s) = f(p) = f(r) = s, f(t) = h, and f(0) = 0. If L satisfies
rt =p, st =5, and t! = h, where h = g or ¢, then, as in Lemma 2.12, L=UNV

where

U = {(z,y) € S7* xS;" 1z <y} and

V = {(:c,y) € S7* X S7* : f(x) S y}
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Recall

x%, = /\{y €S (z,y) e V}.

Then a symmetric form of Lemma 2.9 states that V is a lattice and note that V
contains ({0} x S7*) U (S;* x {1}). Hence, since s, > ri,, from Lemma 2.15 it
follows that V is a congruence lattice on the universe of A x A. By Lemma 2.3,
U is a congruence lattice and so UNV is also a congruence lattice by Lemma 2.4.

Therefore, L will also be a congruence lattice. [

The subdirect products satisfying ! = ¢, s* = ¢, and #' is in {p, s}, are dealt
with in Theorem 2.18.

In the case where t! < r! and s! || r', there are again four subdirect products of
S7* x S7* containing ({0} X S7*)U(S7* x {1}) — the lattices satisfying rt = ¢, t! = ¢,
and st is in {p, s}, and the lattices satisfying r! = p, t = s, and s! is in {g,¢}. The
first two are congruence lattices on the universe of A X A by an argument symmetric
to that of Lemma 2.17 and the last two are dealt with later in Theorem 2.18.

There are two subdirect products of S7* x S7* containing ({0} x S;*)U(S7" x {1})

Figure 2.3: The lattice Lo* in Theorem 2.18 with some elements labelled
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left to deal with. The first subdirect product is the lattice L = {{z,y) € S;* x S;* :
x <y} and is a congruence lattice by Lemma 2.3. The second, Ly*, can be seen in
Figure 2.3. Not surprisingly, the lattice Lo* is isomorphic to the dual of Ly and, as

in Section 2.2, provides the key to the main theorem of this section.

Theorem 2.18. Con(A) is a power-hereditary congruence lattice (and a power-
hereditary representation of S7*) if and only if Lg* is the congruence lattice of an

algebra on the underlying set of A x A.

Proof. The proof is the dual argument of the proof of Theorem 2.14 with the first

and second coordinates interchanged. |
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Chapter 3

The Four Element Boolean

Meet-semilattice

In Chapter 2, I provided a necessary and sufficient condition for a congruence lattice
representation of S; to be power-hereditary. In this chapter I discuss an algebra
(2/\)2 whose congruence lattice is isomorphic to S;. First, I give the isomorphism
between the congruence lattice of (ZA)2 and S; in Section 3.1. Secondly, I prove in
Section 3.2 that Con((2,)?) is a power-hereditary congruence lattice by showing it
satisfies Theorem 2.14. After that, Section 3.3 contains an alternate proof suggested
to me by John Snow. Finally, in Section 3.4, I discuss a result about the finite lattices

in the variety of S; that follows from Theorem 3.7.

3.1 The meet-semilattice on 2°

Recall from Section 1.2 that a meet-semilattice is a partially ordered set of elements
that respects the meet operation as defined on a lattice but does not necessarily
satisfy the join operation. The meet-semilattice that is discussed in this chapter

has the underlying set {(0,0),(0,1),(1,0),(1,1)} and the meet operation defined
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O=uAv

Figure 3.1: The meet-semilattice (2,)>

coordinatewise. For ease of notation, though, in this chapter let 0 = (0,0), u =
0,1), v = (1,0), and 1 = (1,1). A diagram of this Boolean meet-semilattice, which
is referred to as (2,)°, can be seen in Figure 3.1.

The algebra (2 /\)2 is quite important to the research in this thesis as the congru-
ence lattice of (2,)? is isomorphic to S;. This is stated in the following lemma and

the proof is provided for completeness.

Lemma 3.1. [24] Con((2,)%) is isomorphic to S;. Thus, the lattice S; is repre-
sentable by (2,)°.

Proof. 1 proceed by finding all the congruences of (2/\)2 and then constructing
Con((2,)?). The isomorphism with Sy is then obvious.

First, consider Cyg(0,0), the congruence generated by placing 0 in the same
congruence class as itself. Since 0 = 0 this does not cause any other elements of
(2,)’ to be congruent. Thus, Cg(0,0) yields the classes {{0}, {u}, {v}, {1}} and is
equal to the trivial congruence on (2,)°. Similarly Cg(u,u), Cg(v,v), and Cg(1, 1)
all yield the trivial congruence. Next, consider the other principal congruences of
(24)".

The congruence Cg(0,u) has classes {{0,u},{v},{1}} as0=0Av=uAv=0
and 0 =0A1=uA1l=u. Using a similar argument, it follows that Cg(0,v) has
classes {{0, v}, {u}, {1}}.

The principal congruence Cg(u, 1) has 1 Av = u A v which implies v = 0. Thus,

v and 0 are in the same congruence class. Then note v =1Av =1A0 = 0 and
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V | Cg(0,0) Cg(0,u) Cg(0,v) Cg(v,1) Cg(u,1) Cg(u,v) Cg(0,1)
Cg(0,0) | Cg(0,0) Cg(0,u) Cg(0,v) Cg(v,1) Cg(u,1) Cglu,v) Cyg(0,1)
Cg(0,u) | Cg(0,u) Cg(0,u) Cg(u,v) Cg(v,1) Cg(0,1) Cglu,v) Cg(0,1)
Cg(0,v) | Cg(0,v) Cg(u,v) Cg(0,v) Cg(0,1) Cg(u,1) Cg(u,v) Cg(0,1)
Cg(v,1) | Cg(v,1) Cg(v,1) Cg(0,1) Cg(v,1) Cg(0,1) Cg(0,1) Cg(0,1)
Cg(u,1) | Cg(u,1) Cg(0,1) Cg(u,1) Cg(0,1) Cg(u,1) Cg(0,1) Cg(0,1)
Cy(u,v) | Cg(u,v) Cg(u,v) Cg(u,v) Cg(0,1) Cg(0,1) Cg(u,v) Cg(0,1)
Cg(0,1) | Cg(0,1) Cg(0,1) Cg(0,1) Cg(0,1) Cg(0,1) Cg(0,1) Cg(0,1)

Table 3.1: Joins of congruences of (2,)

0=uAv=uA0=0A0 so there are no other congruences forced. Therefore,
Cg(u, 1) has classes {{0,v}, {u, 1}}. Similarly, Cg(v, 1) has classes {{0,u}, {v,1}}.

In Cg(u,v), u =vsouAv=uAu=u ButuAv=0so00isin the same
congruence class as u and v. Now notice that the only way to generate 1 with the
meet operation is as 1 A1 = 1 so 1 is still in its own class. Therefore, Cg(u,v)
separates (2,)° into classes {{0,u, v}, {1}}.

Finally, if 0 and 1 are congruent, then 1 Au = 0Au and 1 Av = 0Awv. This causes
u and v to be in the same congruence class as 0. Thus, Cg(0,1) = Cg(0,u,v,1) =
Cg((22)%) and, by Lemma 2.2(a), no other principal congruences need to be checked.

Now, the set of all the possible joins of the non-trivial principal congruences can
be seen in Table 3.1. Since the set of all C'g(a, b) in Con((24)°) is closed under join
and, by Lemma 2.2(d), every # € Con((2,)?) is the join of principal congruences,
then every non-trivial 8 is principal. Therefore, there are seven unique congruences
on (2,)* - Cg(0,0), Cg(0,u), Cg(0,v), Cg(u,1), Cg(v,1), Cg(u,v), and Cg(0,1) -

which lead to a partial ordering of the congruences:

Cg(0,0) C Cg(0,u) C Cg(v,1) C Cg(0,1), Cg(0,u) C Cg(u,v) C Cg(0,1),

Cg(0,0) C Cg(0,v) Cc Cglu,1) c Cg(0,1), and Cg(0,v) C Cg(u,v) C Cq(0,1).

The corresponding lattice of congruences Con((2,)%) is isomorphic to S; by the

40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



O
0=Cg(0,0)

Figure 3.2: The congruence lattice of (24)>

obvious isomorphism (see Figure 3.2). Hence, by definition, S; is representable by

(22)°. |

The natural question to ask is whether Con((2,)?) is hereditary, power-heredit-
ary, or neither. It turns out it is fairly easy to show that Con((2,)?) is hereditary.
However, I show in the next section that, in fact, the congruence lattice of (2/\)2 is

power-hereditary — a much stronger result.

3.2 Con((2,)°) is power-hereditary

In the following series of arguments I show that Con((2,)%) is a power-hereditary
representation of the lattice S;. For the rest of this chapter, the elements of the
congruence lattice S; in Figure 2.1 are referred to specifically as the congruences
of (2/\)2 as seen in Figure 3.2. By considering the algebra on the underlying set of

(27)? % (25)? whose congruence lattice is

L, = {{a, 8) € Con((2,)%) x Con((2,)%) : & < f},
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(Cg(0,1),Cg(0,1))

<CQ(U71)7CQ(U‘71)>

(Cg(0,u),Cg(0,v)) (Cg(0,v),C9(0,u))

G
(Cg(0,0),Cg(0,0))

Figure 3.3: Lo as a 0-1 sublattice of Con((2,)%) x Con((2,)?) with some of the
elements labelled

another algebra can be described on the same universe whose congruence lattice
is Ly (see Figure 3.3). Thus, by Theorem 2.14, Con((2,)°) is a power-hereditary
congruence lattice.

Before proceeding with the main part of the proof, though, some general results
about congruence lattices are required. This first theorem describes the join of

elements in a congruence lattice.

Theorem 3.2 ([1, 4.6]). If o and B are congruences on an algebra A then (x,y)

s in aV G if and only if there exists a sequence of elements z1,...,2, in A such
that

(zi,zi41) € or (2,%41) €O
fori=1,...,n—1, and x =z, and y = 2,.

Recall from Section 1.2 that an automorphism ® of the congruence lattice of an

algebra A is carried by a function ¢ if

®(0) = {{¢(x), d(y)) € Ax Al 0y}
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for all § in Con(A). The next lemma shows that every automorphism of an algebra

carries an automorphism of the congruence lattice of that algebra.

Lemma 3.3. Let A = (A, F) be an algebra. Every automorphism ¢ in Aut(A)

carries an automorphism I' in Aut(Con(A)) defined such that

[(0) = {{¢(z), o(y)) € A x A |z 0y}

for all § in Con(A).

Proof. Fix ¢ in Aut(A) and 6 in Con(A). First, I claim that

L) = {{o(2),¢(y)) € Ax A ]z 0y}
={{z.y) eAx Ao ()07 (y)}

is a congruence on A. Let z, y, w, and z be elements of A. For all x in A, the
pair (z, ) is in @ as it is reflexive. Then, since ¢! is a bijection, for all z the pair
¢ Yz) 0 ¢~1(z) is also in 6. Hence (¢p(¢p7(z)), p(¢71(x))) = (x,z) is in ['(9) and
['() is reflexive. Next, suppose (z,y) is in ['(§). Then (¢~ (z), ¢~ (y)) is in # and,
since 6 is symmetric, {(¢~!(y), ¢ 1(z)) is also in 6. Hence (y, ) is in ['(§) and T'(9)
is symmetric. Now let (z,y) and (y,w) be in T'(d). This means {(¢~'(z), ¢~ (y))
and (¢~ 1(y), ¢ 1 (w)) are in §. Since 6 is transitive, (¢~1(x), ¢ 1 (w)) is in §, and
subsequently, (x,w) is in T'(§). Thus, I'(#) is transitive and an equivalence relation.

Now, for any n-ary operation f in F and (z;,y;) in I'(d), where 1 <14 < n, I have

z; T'(0) y; for all i & ¢~ (2;) 0 ¢~ " (v;) for all 4
& fe7 (@), 07 (@) 0 F(07 (1), 67 ()
& ¢ (flon. . 20) 067 (Flyr, .- )
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since ¢! is also an automorphism. Hence

flxe, ..y zn) T0) flyry .- Yn)

so ['(#) preserves the operations of A. Therefore, I'(6) is in Con(A).
I now show that T" is an automorphism of Con(A). By the previous paragraph,

['(0) is a congruence of A, so I' is well-defined. Suppose, for some #; and 6, in

Con(A), that I'(6,) = I'(62). In other words,

{{¢(x), 0(y)) € A x Az b1y} = {{$(z),¢(y)) € A x Az by}

It follows that

{07 (¢(x), 07 (9(y)) € A x A |z by}
= {(¢7(¢(x)), 67" (b)) € Ax A |z by}

hence

{(z,y) e AxAlz by} ={{z,y) €cAxAlz0,y}

8o 81 = 5. Thus, I is one-to-one.

Now, let 6 be in Con(A). Since ¢~! is an automorphism,

b5 = {67 @)~ W) € Ax A |0y}
is also in Con(A). Then

[(0g-1) = {(d(¢7(2)), 407" (¥) €A X A |20y}
={{z,y) e AxA|z 0y}
=0
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and I is onto.
Finally, I show that I' preserves meet and join. Let 6; and 65 be in Con(A). 1

have

L(01 A 02) = {{8(2), d(y)) € AX A [z 6 N>y}
= {(¢(z), d(y)) € Ax A |26y}

N{(x), 6(y)) € A x Az 0y}

Thus I' preserves meet.

Now, suppose (z,y) is in T'(#; V 63). This means (¢~ (x), ¢ 1(y)) is in 6; V 6,
and, by Theorem 3.2, this is equivalent to having a sequence of elements 21, ..., z,
in A such that (2, zi41) in 61 or (2;, zi41) in Gy fori=1,...,n—1 and ¢~ () =

and ¢~ !(y) = z,. Then

(x,y) €T(61V 02) & (97 (x), 97 (1)) € 61V b
& ¢N2) 0; 200, - 0; 201 0; ¢~ (y) for j € {1,2}
& 2 T(8;) $(z2) T(6;) -~ T(6;) @lznr) T(6) y for j € {1,2}
& (z,y) € T(6;) VI(6,).

Thus I' preserves join.

Therefore, I' is an automorphism and, consequently, ¢ carries an automorphism

of Con(A). [ |

Now, let ¢1 : (22)> — (25)° be the automorphism of (2,)? where ¢;(0) = 0,
$1(1) = 1, ¢ (u) = v, and ¢1(v) = u. For any 6 in Con((2,)%), define ®;(6) to be
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the congruence in Con((2,)%) such that

®1(8) = {(g1(x), $1(y)) € (20)* x (24)" 1 2 O g}

Under this mapping, ®,(Cg¢(0, 0)) has congruence classes

{200}, {1 ()}, {61(0)}, {1 (D}} = {{0}, {v}, {u}, {1}}
so ®,(Cg(0,0)) = Cg(0,0). Similarly,

(I)l(Cg(O’u» = C’g(O,"U), @1(05](0,1})) = CQ(O’ u)» cI)l(Og(u’ 1)) = C’g(v, 1)7

®,(Cy(v,1)) = Cg(u, 1), ®1(Cg{u,v)) = Cg{u,v), and ®,(Cg(0,1)) = Cg(0,1).

Note that, under this definition, ®1(Cg(s,t)) = Cg(p1(s), $1(¢)) for all s and ¢ in

(2/\)2. The following corollary to Lemma 3.3 concerns the mapping .

Corollary 3.4. The mapping ®; : Con((2,)*) — Con((2,)%) is an automorphism
on Con((2,)%) (see Figure 3.4). Moreover, ®1(®1(0)) = 6 for all § in Con((2,)?).

Proof. This follows immediately from the definition of ®; and Lemma 3.3. |

These two automorphisms provide the key to proving Lg is a congruence lattice
on the underlying set of (21)* x (2,) by allowing one to exploit the symmetry of
(25) and Con((2,)%).

Now, for any (z,y) in (2,)? x (2,)? and (@, 8) in Con((2,)%) x Con((2,)%),

define the companion of (x,y) as (z,y) = (¢1(x),y) and the companion of (a, B) as
(ar, B) = (®1(a), B). Note that, since ¢ (¢1(z)) = z for all z in (2,)?, it follows that

(x,y) = (z,y) as well. The next lemma provides the necessary connection between

Lo and the lattice L;.
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$y (Cg(O,l)):Cg(O,l)

&1 (Cgluv))=Cy(u,v)

#1(1)=1

qDl(Cg(Uﬂl)):Cg(vv]-) 3 q)l(Cg(’le)):Cg(’uﬁl)

$1(v)=u ¢1(u)=v

$1(C(0,0))=Cy(0u) 2 61(Cg(0.4))=Co(0.0)

4(Cg(0,0))=Cg(0,0)

Figure 3.4: The automorphisms ¢; on (2,)° and ®; on Con((2,)?)

Lemma 3.5. The lattice Ly < Eq(2? x 2%) is isomorphic to Ly under the companion

mapping. Consequently, for all (zy,y1) and (z,y2) in (24)° % (24)° and (@, B) € Ly,

(@1, 91) (. B) (w2, y2) if and only if (z1,41) (o, B) (%2, y2)-

Proof. First, I rewrite Lg in a form more similar to that of L;. Note that, as a 0-1
sublattice of Con((2,)%) x Con((2,)?), the definition of Lg on page 31 is equivalent

to
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Also note that, for the lattice Ly, the automorphism ®; satisfies ®,(3) = 8" for all

G in Con((ZA)Q). Hence, by Corollary 2.8,
Lo = {{, B) € Con((2,)%) x Con((2,)*) : @ < ®,(B)}.
However, by Corollary 3.4,

a<®(f) e and(f) =
& ©1(a) A 1(P1(3)) = P1{a)
o &y () A B = By(a)

= (I)l(Oé) <pB.

Thus
Lo = {(a, B) € Con((2,)*) x Con((2,)*) : ®1(a) < G}

Now, consider the companion mapping restricted to L. Suppose (a4, 8;) isin L;.
Then aq < B and (a1, 61) = (®1(ev1), B1). Since &1(®1(1)) = a; by Corollary 3.4,
it follows that (®;(cy), 1) is in Lg. Thus, the companion mapping sends elements
of Ly to L.

Now, suppose {ay, £1) = {ag, G2) for {ay, 01) and {ag, F2) in Ly. Then

(a1, B1) = {ag, B2) & (Pi(aw), B1) = (Pi(az), Bo)
& fr =0 and @1(a;) = @1 (a)

and since ®, is bijective, it follows that (o, #1) = (@, F2). Therefore, the companion
mapping is one-to-one.

Next, pick {(@1,0:1) in Lg. Since ®;(a1) < i by definition, it follows that
(P1(1), 1) is an element of L,. Therefore, m = (D1(P1(an)), Bo) =
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{aq, A1) and the mapping is onto, as well.
I show in the following that the companion map preserves join. Pick (ay,51)

and (a9, f2) in L;. By Corollary 3.4, ®1(aq V ag) = ®1(ay) V @1 (az). I then have

(o, B1) V{0, B2) = {on Vg, iV
= (®(a V), 51V Ba)
= (®1(e1) V @i(a2), B1 V Ba)
= (Do), 61) V (P1(a2), B2)
= (o1, B1) V {az, Ba).

Hence the companion mapping preserves join and, by a dual argument, it also pre-
serves meet. Thus, since the companion mapping is one-to-one, onto, and preserves
join and meet, the congruence lattice Lg is isomorphic to L;.

Now, pick (z1,71) and (z,92) in (24)° x (22)” and (a,8) € L, such that

(x1,11) {a, B) (xa,y2). I then have

{(z1,91) (o, B) (T2, 92) & wrazyand yy B
& di(x1) Di(a) di(wo) and y1 By

& (d1(x1), y1) (i), B) (d1(z2), y2)

Therefore, (x1,11) (o, 8) {(x1,v1) if and only if (z1,y1) {a, B) (z1,91). [ |

Now, the next lemma states that there exists an algebra on the universe of

(24)% x (24)® whose congruence lattice is equal to L.

Lemma 3.6. There exists an algebra Ay on the underlying set of (2/\)2 X (2A)2 such

that COH(Ao) = Lo.
Proof. By Lemma 2.3 the lattice L; is the congruence lattice of an algebra on the
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underlying set of (24)* x (25)° so let A; = (2? x 2% F') such that Con(A,) = L,.

Then, for all s; and ¢; in 22 x 22 and (a, 8) in Ly,

S <O£, ﬁ> ti

fori=1,...,n implies

f(81,-0y80) {a, B) flte, ... tn)

for all n-ary operations f in F.
I define in the following an algebra Ag such that Con(Ag) = Ly. For each n-ary

operation f in F, define g; such that for all s; in 22 x 22,

97(81,...,8,) = f(31,...,5n).

Let G = {g; : f € F} and define Ag = (2® x 2% G).

I claim that each @ in Lg is a congruence of Agy. Since L; and Lg are isomorphic

under the companion mapping, there exists (a1, /1) € L; such that 6 = (a4, 51).

Suppose s; 0 t; for i =1,...,n. Then for all 4

s;0t; < si{ay,f)t;

& 5 (a,B) b
Thus, for all n-ary operations f in F', it follows that

s;ftifori=1..ne f(5,...,5,) lay, 1) flE1, ..., tn)

& f51,. .., 50) (a1, B1) f(Er, - t0)
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& fGL- ) 0 f(E - t)

= gf(sl, . ,Sn) Ggf(tl, cae ,tn)

Hence, for all s; and ¢; in 22 x 22 and 6 in Lg, when s; 8¢; for i = 1,...,n it follows
that

Gr(s1,. - 80) O gp(ta,. .. tn)

for all n-ary operations g; in G. Therefore, every # in Ly is a congruence on the
algebra Ag.
Now, suppose ¢ in Eq(2? x 2?) is a congruence on Ag, as well. That means s; ut;

fori=1,...,n implies

g(s1se -y 8n) pgs(tey . )

for all n-ary operations g; in G. Let v in Eq(2? x 2?) be the equivalence relation

such that s; v ¢; if and only if 5; #;. Then, for all s; and ¢; in 2% X 22 and g; in G,

sivtifori=1,....,n Sputifori=1,...,n

95 (31, Bn) mgs(ty, .. )
G ufE,.. )

f(s1yeeey8n) p ftr, .o tn)

f(s1y oy 8n) v flt1, . tn)

r ¢ ¢ 4 ¢

Therefore, v preserves f for all f in F which means « is in L;. But % = u and since,
by Lemma 3.5, L; is isomorphic to Ly under the companion map, the congruence p
must be in L.

Therefore, since Lg contains exactly the congruences on the algebra Ag, the
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congruence lattice Con(Ay) is Ly. [

Now Theorem 2.14, combined with the fact that L is the congruence lattice of

an algebra on the universe of (2,) x (2,)°, yields the main theorem of this section.

Theorem 3.7. Con((2,)%) is a power-hereditary representation of the lattice Sy.

3.3 An alternate proof

An alternate proof of Theorem 3.7 exists that has a distinctly different flavour than
that of Section 3.2. This section includes the proof — a sketch of which was provided
in [17] by John Snow — not only for interest’s sake but also because it makes use
of primitive positive formulas. As well, Lemma 3.8 has important implications in
Chapter 5.

Recall that the graph of an automorphism ® of a lattice L is the subset G of
L x L such that G = {{z,y) € L x L : ®(z) = y} . This first lemma describes how
the graph of an automorphism of the congruence lattice of an algebra A can yield

another congruence lattice of an algebra on the universe of A x A.

Lemma 3.8. [17] Let & be an automorphism of Con(A) for some algebra A and
define sublattices M < Con(A) x Con(A) and N < Con(A) x Con(A) to have

the universes

M = {{a,3) € Con(A) x Con(A) : ®(a) =} and

N = {{a, ) € Con(A) x Con(A) : ®(a) < 3}.

If M is the congruence lattice of an algebra on the universe of A x A, then so is N.

Proof. Let m = (g) Define P(ay 2,013, -, Qn-2n, Qn-1,) as the equivalence rela-

22
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tion o such that

o(ry, 1) & Jx3,..., 2, /\ a; (2, z5).
1<i<j<n

For example, when n = 4, the equivalence relation P(aj 2,013, 014, Xo3, @24, 03.4)

is defined such that
1 P(Oll,z,al,37041,47042,3,012,47043,4) T2
if and only if
dxs, 24 01 9(x1, T2) Ay 3(T1, T3) Ay (1, Ta) Ao 3(T2, T3) Ag a(T2, T4) Aois 4(T3, T4).

Assume that M is the congruence lattice of an algebra on the universe of A x A. By

Lemma 1.4, the congruence lattice M is closed under primitive positive formulas,
hence P({ay, B1),- -, {(m, Bm)) is in M for all (o, §;) in M.

Now, since P applies coordinatewise,
P((ar, B1), -5 {@ms Bm)) = (P, -y am), P(By, - -+ Bm))-
Then, since {(a;, ®(;)) is in M for all a; in Con(A), it follows that
P({ag, (1)), ..., {(am, P(am))) = (P(ag, ..., o), P(®(a1), ..., P(am)))
is also in M. But from the definition of M, this just means
O(P(ay,...,am)) = P(®(ay),...,P(am))-

Next, I claim that P is order preserving.

33
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Suppose, for

a = (041,2, 01,35+ Op—2n; an—l,n> and B = <ﬂ1,2, ﬁ1,3, . 7ﬁn—2,n7 ﬁn—1,n>

in Con(A)™, that a < 3. Let (z1,22) be in P(cx). Hence

dz3,. .., 2z, /\ o (@i, ;).

1<i<j<n

But since Qy - ﬁi,j for 1 <4 <j <n,
dzs,...,z, /\ Bij(zi, z5).

1<i<g<n

Thus (x4, z9) is in P(B) and P(a) < P(3).
Hence for all o; and §; in Con(A) such that («;, 5;) is in N,

P(q)(al)7 sy (I)(am)) S P(ﬂh o aﬁm)
But since ®(P(ay,...,an)) = P(®1(ay), ..., P(an)), it follows that
@(P(al, e ,O[m)) S P(/Bl, e aﬂm)

By Lemma 1.4 again, Con(A) is closed under primitive positive formulas so P(ay, ..., amn)

and P(B1,...,0n) are elements of Con(A). Thus, by definition of N, the pair

<P(Oé1,.. .,O[m),P(ﬁl, Ce ,ﬁm» = P(<a1,61>,. ..,(Oém,ﬁm>)

is also in N and N is closed under P. Therefore, by Lemma 1.4, N is a congruence

lattice of an algebra on the universe of A x A. [ ]
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The next lemma describes an algebra on the universe of (24)> x (24)* whose

congruence lattice is equal to

M = {{a, ) € Con((24)?) x Con((2,)?) : ®,(a) = 8}

where ®; is the automorphism defined on page 45. It is important to note that in
his correspondence, Snow acknowledges Ralph McKenzie for the idea of the con-

struction.

Lemma 3.9. [17] There exists an algebra A such that
Con(A) = {(8, ®,(9)) | 6 € Con((2,)*)}.

Proof. Consider the algebra A = (2% x 2%; A, D, P) where the meet operation is
coordinatewise on 22 x 22. In addition, for all {(a,b) and (c,d) in 2% x 22, the binary

operation D is defined
D({a,b), (¢,d)) = {a,d)

and the unary operation P is defined

P((a, b)) = (¢1(b), p1(a))

where ¢, is the automorphism defined in Section 3.2. Using the Universal Algebra
Calculator [5] created by Ralph Freese and Emil Kiss to generate the congruence
lattice of A yields

Con(A) = {(8,®:()) | # € Con((2,))},

displayed in Figure 3.5. |
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(Cy(0,1),Cg(0,1))

(Cy(z,y),Cy(z.y))

(Cg(y,1),Cg(z,1)) ;3 (Cg(x,1),Cq(y,1))

{Cg(0,2),Cg(0,y)) {Cg(0,y),Cg(0,x))

O
(Cg(0,0),Cg(0,0))

Figure 3.5: The congruence lattice of (22 x 22, A, D, P)

Now, the lattice Lg from the previous section can be written as

Lo = {{(a, B) € Con((2,)*) x Con((2,)%) : ®1(a) < Y.

Hence, Lemma 3.8 and Lemma 3.9 show that Lg is the congruence lattice of an

algebra on the universe of (2,)% x (2,).

3.4 Representations of lattices in V({S;}) by alge-
bras with meet operations

Recall that the variety V({A}) of an algebra A is the set of all homomorphic images
of subalgebras of direct products of A. 1 prove using Theorem 3.7, that every
finite lattice in the variety of S; is representable by a finite algebra with a meet
operation. In order to prove this in Theorem 3.15, though, a few useful results
are needed starting with a form of Birkhoft’s Subdirect Representation Theorem

adapted from [10].
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Theorem 3.10. [10] If V(K) is a variety, then every finite member of V(K) is
isomorphic to a subdirect product of finitely many subdirectly irreducible members of

V(K).
The next two theorems concern congruence-distributive varieties.
Theorem 3.11. [2] The lattice Con(L) is distributive for any lattice L.

Theorem 3.12 ([10, 4.99 and 4.104]). If V(K) is finitely generated and congru-
ence distributive, then every finite subdirectly irreducible algebra in V(K) belongs to

the set of homomorphic images of subalgebras of elements of K.

Next, I show in the following two lemmas that every finite lattice in V({S7}) is

isomorphic to a 0-1 sublattice of S;" for some finite n.

Lemma 3.13. Every non-trivial homomorphic image of a sublattice of S; can be

embedded as a 0-1 sublattice of S7.

Proof. There are 45 non-trivial sublattices of S;. The set of all non-trivial homomor-
phic images of these sublattices are isomorphic to copies of 2, 3, 4, 2x 2, 16 (2 x 2),
(2x2)®1, N5, 2 x 3, and S;. These are all isomorphic to 0-1 sublattices of Sy
(see Figure 3.6). [

Lemma 3.14. Every non-trivial finite lattice in V({S7}) can be embedded as a 0-1

sublattice of S;", for some n.

Proof. Let L be a non-trivial finite element of V({S;}). By Theorem 3.10, the
lattice L is isomorphic to a subdirect product of finitely many subdirectly irreducible
members L; of V({S7}) and each subdirectly irreducible lattice is finite and non-

trivial. Hence, there exists a lattice L” such that

L=L" < I:]lL

o7
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% ‘2 % 4 % 2x2 16 (2 x2)
f 3 % N foS 2x2)@1

Figure 3.6: The 0-1 sublattices of S7, up to isomorphism

and each L; is finite and subdirectly irreducible. Moreover, by Theorem 3.12; since
lattices are congruence distributive and V({S7}) is finitely generated, each L; is the
homomorphic image of a sublattice of S7.

Now note that, since L” is a subdirect product, the join of all its elements is
(1,...,1) and the meet of all of its elements is (0,...,0). Thus, L” is a 0-1 sublattice
of ﬁlLi; that is, L” 0§1 ﬁLi. Next, since every L; is a homomorphic image of a

i= -1 =1

sublattice of S7, by Lemma 3.13 they can be embedded as 0-1 sublattices of Ss.

Hence

where L) < S; for all j. Thus,
01

o8
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Therefore, L can be embedded as a 0-1 sublattice of S;" for some n. ||
I now prove the main result of this section.

Theorem 3.15. Every finite lattice in V({S+}) is representable by the congruence

lattice of a finite algebra with a meet operation.

Proof. Let L be a non-trivial finite lattice in V({S7}). By Lemma 3.14, L is iso-
morphic to L/, a 0-1 sublattice of Con((2,)%)" for some n > 1. Since Con((2,)%) is
power-hereditary by Theorem 3.7, there exists an algebra A = ((22)"; F) such that
Con(A) =L"

The meet operation of ((2,)%)" is defined to be the meet operation of (2,)* done

coordinate-wise; that is,
(al,...,an> A <b1,...,bn> = <CL1 /\bl,...,an/\bn)

for all {ay,...,a,) and (by,...,b,) in ((24)*)". I claim that every congruence in L/
preserves the meet operation of ((2,)%)".

Let 6 be an equivalence relation in L'. Then 6 = (ay,...,a,) where each q; is an
element of Con((2,)?). Let (ay,...,an), (b1,...,bn), (c1,...,¢), and (dy, ..., dy)

in ((25)*)" be elements such that
(ay, ..., an) {1y ... an) (by, ..., by)

and

(€1, .. yen) (Qny .oy a) (dy, ..y dy).

This is equivalent to a; a; b; and ¢; «; d; for 1 < i < n. Hence a; A ¢; a; b; A\ d; for

1 < i< n as every o preserves the meet operation on (2 A)z.
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Therefore,
{ag Nety oo an Neg) {on, ..oy an) (b Ady, .. by Ady)
which is equivalent to

(al,...,an>/\<cl,...,cn> <C¥1,...,Oén> <b1,,bn>/\<d1,,dn>

Thus, every congruence in L preserves meet done coordinatewise on ((24)°)".
Now consider the algebra A’ = ((22)"; F, A) which is the original algebra A with
the meet operation added. Since L’ preserves F' by definition and preserves meet
by the previous paragraph, the congruence lattice of A’ is also L'. Hence, every
0-1 sublattice of Con((2,)?)" is the congruence lattice of an algebra with a meet
operation.
Therefore, as a result of Lemma 3.14, every finite lattice L in V({S7}) is isomor-

phic to the congruence lattice of a finite algebra with a meet operation. [ |
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Chapter 4

The Automorphisms of (2,)" and
Con((27)")

In this chapter, I discuss the general Boolean meet-semilattice (2,)" and its au-
tomorphisms as well as the automorphisms of its congruence lattice. Section 4.1
motivates why the study of these automorphisms is important and revisits the auto-
morphisms of (2/\)2. Next, in Section 4.2, another example is given which provides
more detail to illustrate the upcoming proof. Following that, Section 4.3 contains
some useful facts about groups of permutations and automorphisms. Finally, every
automorphism of Con((2,)") is shown to be carried by an automorphism of (2,)"

in Section 4.4.

4.1 Generalizing to the meet-semilattice (2,)"

Many natural questions arise from Theorem 3.7 in Chapter 3 and one of the most

interesting is “Is Con((2,)") power-hereditary for all n?” As of this moment, the
question remains unanswered.

It was suggested to me by John Snow that if I could generalize the ideas of the
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proofs in Section 3.2 it would be hard evidence that the answer is probably “yes”.
Recall from Section 1.2 that an automorphism &® of a congruence lattice Con(A) is

carried by a function ¢ if
() = {(¢(u), ¢(v)) € Ax Afub v}

for all # in Con(A). The idea behind his suggestion is that if every automorphism
of Con((2,)") is carried by a unique automorphism of (2,)", then the graphs of
these automorphisms will be congruence lattices on (2,)" x (24)".

The first part of this automorphism conjecture is in fact true for all n, as is
shown in Section 4.4, and the second part follows in Chapter 5. 1 first consider
as motivation, though, the case where n = 2 from Chapter 3. To discuss all the

automorphisms of (2,)* and Con((2,)?), the following lemma is needed.

Lemma 4.1. Any meet-semilattice (lattice) automorphism i of a finite meet-semi-
lattice (lattice) with 1 fizes 0 and 1. That is, ¥(0) = 0 and (1) = 1. Moreover,
¥ maps every coatom to a coatom and every join-irreducible element to a join-

irreducible element.

Proof. Let 19 be an automorphism of a semilattice S. For any u in S,

P(u) = P(u A1) =p(u) A1)

so ¥(u) < 9(1). Since this is true for every element in S, if ¢¥(u) = 1 then (1) = 1.

As 1) is one-to-one, u = 1. Similarly,
P(0) = PO Au) = 9(0) Ap(u)
so ¥(0) < ¢(u) for all w in S. Hence 9(0) = 0.
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Now, I claim that ¢ maps any coatom of S to another coatom. For a contradic-
tion, assume there exists a u in S such that «w < 1 but ¢(u) 4 1. Then there exists
an ¢’ in S such that ¥(u) < «’' < 1. Because 9 is an automorphism, there exists

some v # 1 such that «' = ¥ (v). Hence
P(u) = Pu) Au' = Pp(u) Apv) = P(u Av)

sou = uAv. And, since u < 1 and v # 1, it follows that v = v. But this is a
contradiction as 1 is a bijection. Thus ¢(u) < 1. Moreover, for u, v, and w in S, I
have u A v = w if and only ¥(u) A (v) = ¥(w). If w is join-irreducible, then u = w
or v = w. Hence, either ¥(u) = ¢(w) or ¥(v) =¥ (w) and Y(w) is join-irreducible.

Note that, since a lattice is also a meet-semilattice, the results are true for lattices

as well. ]

The next theorem describes the automorphisms of (2,)* and Con((2,)?).

Theorem 4.2. There are exactly two automorphisms of Con((2,)*) corresponding

to the two automorphisms of (2,)°.

Proof. By Lemma 4.1, any automorphism I’ of Con((2,)°) must permute the co-
atoms of Con((2,)?). Moreover, a join-irreducible coatom must be sent to a join-
irreducible coatom. Thus, there are two possibilities for I'. One is the identity map
and the other interchanges the two coatoms that are join-irreducible. This latter

map is ®; shown in Figure 3.4. [

It is trivial that the identity automorphism of Con((2,)?) is carried by the
identity automorphism of (2 /\)2. As well, from the way ®; is defined in Section 3.2,
it follows that @, is also carried by ¢; (see page 46). So for the case of n = 2, it

follows that every automorphism of Con((2,)") is carried by an automorphism of
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Figure 4.1: The meet-semilattice (2,)>

(2,)". In fact, the set of all automorphisms of an algebra form a group as is noted

in the following theorem (see Section 1.2 for the definition of a group).

Theorem 4.3. [4] The set of all automorphisms of an algebra A forms a group,
Aut(A) = (Aut(A); 0, 71 ida), called the automorphism group of A.

Since Aut((2,)%) and Aut(Con((2,)?%)) both have only two elements and each
element is its own inverse, it is fairly easy to see that the automorphism groups are

isomorphic.

4.2 Another example: Con((ZA)g)

The first example of (2,)" that has been seen thus far (n = 2) provides very little
information about the general case. In order to understand the general case better,
I provide another example that is much more useful. In this section, the congruence
lattice of (2,)* and its corresponding automorphisms are discussed (see Figure 4.1
and 4.2). A sketch is also given of the proof that every automorphism of Con((24)*)
is carried by an automorphism of (2/\)3 and refer the reader to Section 4.4 for the

rigorous details.
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In Chapter 3, finding the congruence lattice of (ZA)2 was a relatively easy exer-
cise. However, as n grows, the congruence lattice of (2,)" grows large quite quickly.
At n = 3, the congruence lattice of (25)° has 61 congruences and is quite hard to
find correctly by hand (see Figure 4.2). Luckily, the congruence lattice can be gen-
erated using the Universal Algebra Calculator [5] and using this program I am able
find all 61 congruences (see Figure 4.2). See Appendix A for a complete description
of each congruence in Figure 4.2.

Recall that an element u in a lattice L is meet-irreducible if © = v A z implies
u = v or u = z for all v and z in L. In this section, the only congruences that
need discussion are the meet-irreducible congruences of Con((2,)*). In fact, the
meet-irreducible congruences are exactly the coatoms of Con((2,)°); that is, 6 is
meet-irreducible in Con((2,)%) if and only if # < V. These congruences are the 7

congruences of the form

@(i1,127i3) = {(u’v> € (2/\)3 X (2/\)3 :

(U Z (il,ig,i3> and v _>_ <’i1,7;2,l.3>) or ('U, z <’Z1,i2,i3> and v z <i1,i2,i3>)}

where (i1, 19,13) in (ZA)?’ is such that (i1,49,13) # (0,0,0). The coatoms and V afe
illustrated in Figure 4.3.

The meet-irreducible elements are important as they completely determine all
the elements of (2,)* and Con((2,)?). Just as any positive integer can be defined
as the product of primes, so too can any element in a meet-semilattice or lattice be
written as the meet of meet-irreducible elements. Thus, if it is known where the
meet-irreducible elements are mapped by an automorphism, it is also known where
every other element is mapped.

Now, any automorphism of Con((2,)*) will map the coatoms (meet-irreducible

congruences) to themselves by a similar argument to the one given in the proof of
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Theorem 4.2. What this means is that any automorphism of Con((2,)%) is com-

pletely determined by where it sends the coatoms of Con((2,)*) as every element of
(25)° is the meet of meet-irreducible elements. Three more useful facts help deter-
mine all the automorphisms of Con((2,)%). First, of all the coatoms in Con((2,)*),
the only three that meet to A in Con((2,\)3) are ©1,0,0), ©0,1,0, and O ,1). Any
other set of three coatoms will meet to a congruence greater than A. Secondly, the
meet of any two congruences in {9(1,0,()), ©(0,1,0); @(0,0,”} is less than a single unique
congruence in {@<17170>, ©1,0,1) @<0,171>}. And thirdly, the congruence O 1,1y is the
only coatom that covers 6 congruences.

The first fact means that, since every automorphism of Con((2,)%) maps A to it-
self by Lemma 4.1, the automorphism must also map the set {@<1,070>, ©.0,1,05> ©(0,0,1) }
to itself. This, in turn, defines where {@<1,1,0>’ ©1,0,1) (9(0,1,1)} are sent by the second
fact. Finally, the third fact implies that any automorphism must map ©¢; 1,1y to itself
as the automorphism must preserve the number of elements ©;;y covers. Thus
every automorphism is completely determined by where it maps the congruences
© 1,00, ©0,1,0, and O ,1y. This, combined with the fact that every permutation of
the set {®<1’0,0>, ©.0,1,0), @<0,0,1>} generates an automorphism of Con((Z,\)3), yields
exactly 3! = 6 automorphisms of Con((2,)").

Similarly, for (2 /\)3 there are exactly 6 automorphisms corresponding to permuta-
tions of the coatoms. For each coatom c of (2,)° there corresponds a unique atom a
such that @ £ ¢. This atom, in turn, corresponds to a congruence ©1,0,0), ©0,1,0), OF
©(0,0,1y- Thus each automorphism of Con((2 )*) will correspond to a permutation of
the atoms and coatoms of (2,)* and be carried by the corresponding automorphism
of (2,)%. In addition, the automorphism groups of (2,)* and Con((2,)*) are in fact
isomorphic to each other under the mapping f : Aut((2,)%) — Aut(Con((2,)%))

where f(¢) equals the unique ® carried by ¢.
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4.3 Permutation and automorphism groups

This section contains two lemmas that are useful for proving the general case in
Section 4.4. The first lemma gives a homomorphism between the symmetric group
and the automorphism group of the direct product of an algebra. In this lemma,
the notation p, denotes the automorphism of A corresponding to the permutation

o under the map p.

Lemma 4.4. Let X; be the symmetric group on the set I and let A be an algebra.
Then the map p : Xp — Aut(A’) defined by [po(x)], = To-10) (for z in Al, o in

Y, and i in I) is a homomorphism. Moreover, if |A| > 2 then p is one-to-one.

Proof. Since ¥; and Aut(A!) are both groups, I show in the following that p
preserves the group operations.

First, consider ¢ and 7 in ¥; and z in A’. T have

[p[aoT](ZL’)L = Zloor)71(3)
= T[r-log-1](s)
= Tr-1(e-1(1)
= [pr (@)l
= [po(p-(2))];

= [[ps o pr] (2)]; -

Since ¢ was arbitrary, it follows that p..(2) = [ps © p;] (z) and, since z was arbi-
trary, Ploor] = Do © Pr. Thus, p preserves function composition.

Next, consider ids,, the identity element of 3;. For arbitrary z in Al and ¢ in

I, it follows that

[Puas, @] = 2y = @1 = lidas (@)

I
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Thus, pigy, equals idar, the identity automorphism of A'.

Finally, let z be in Al and 4 in I. T have

[[Po © po-1] (T)]; = [p[aoa“l}(x)}i
= [pidgl (33)]Z

= [idar(z)];

and, since 4 is arbitrary, it follows that [p, o p,-1] (z) = ida1(x). Since this is true
for all z in A!, T have p,op,-1 = idar. Hence p,-1 = (p,)~* and p preserves inverses.
Therefore, p is a homomorphism.

Now, let |A] > 2 and ¢ and 7 be in X such that p, = p,. This means that, for

all zin A7,

Po(z) = pr ().

Moreover, for all ¢ in I,

lps(z)); = [p-(z)];

thus

To-1(i) = Tr-1(3)-

As this holds for all z, consider z with a in the 07 (j)-th coordinate and b elsewhere

where a # b. Then z,-1(j) = a = z,-1(;), which implies 07" (j) = 771(4). Since j is

arbitrary, it follows that o='(i) = 771(¢) for all ¢ in I, hence 0~! = 7~1. Therefore,

o = 7 and p is one-to-one. [ |

The next lemma gives a homomorphism between the automorphism group of an
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algebra and the automorphism group of the congruence lattice of the same algebra.

Lemma 4.5. Let A be an algebra. The map f : Aut(A) — Aut(Con(A)) defined
by
f(¢) = ® where ¢ carries @

s a homomorphism.

Proof. Recall that @ is carried by ¢ if
®(0) = {{¢(u), ¢(v)) € A x A|ub v}

for all # in Con(A). By Lemma 3.3, every ¢ in Aut(A) carries a unique @ in
Aut(Con(A)) so f is well-defined. Hence let ® and I" be automorphisms of Con(A)
and ¢ and 7 automorphisms of A such that f(¢) = ® and f(y) =T'. Then, for any
6 in Con(A),

[f(@oN](0) ={([¢or](u),[por](v)) € Ax A:ubv}
= {{o(v(w)), 6((v))) € A x A:ub v}
= {{¢(u), ¢(v)) € A x A uT(0) v}
= 9(I'(9))

— [@ o7 (9).

Hence f(¢07) = @ oT = £(¢) o £().
Now, I claim that f(¢~!) = f(¢)~!. For any # such that ®(#) = ¢’,

flo™ ")) = {(Cb_l(u), ') EA XA Ul 'U}
= {(qﬁ'l(u),dfl(v)) €AXA:ud) v}
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= {<¢_1(¢(U>>a ¢_1(¢(U))> EAXA:ub v}
={{u,v) €A X A:ufv}

= o 1(F).

Thus, f(¢~) = 1 = f(¢)~".
Finally,

{{ida(u),idpa(v)) e Ax A:ubv}={{u,v) e AxA:ubv}

= idCOH(A) (9)

so f(ida) = idcon(a). Thus, since f preserves the group operations, f is a homo-

morphism. [

4.4 Every automorphism of Con((2,)") is carried
by an automorphism of (2,)"

I prove in this section that every automorphism of Con((2,)") is carried by an
automorphism of (2,)" for all n. In addition to this, I show that the automorphism
group of (2,)" is isomorphic to the automorphism group of Con((2,)") and both
are isomorphic to the symmetric group 3J,,.

First, some notation used throughout the proofs in this section is defined. Recall

from Section 1.2, that the algebra (2,)" = (2"; A) has the underlying set

2" = {{ay,...,a,) | a; € {0,1}}

and the meet operation is applied coordinatewise. For any subset J of I = {1,...,n},

71

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



let 7 be the element of (2,)" such that

1, ifieJ, and
0, ifiélJ.

In addition, let Z/ be the element in (2,)" such that

0, ifi € J, and
1, ifiglJ

Note that, for every element u in (2,)", there is a set J C I such that u = 27 = 7\,

In addition, Z° is the element (1,1,...,1,1) in (2,)", (% is an atom of (2,)" for all
i, and T is a coatom for all 4. Finally, consider the relations ©7 on (2,)" defined

/= {(u,’u) €(2)" x (2))" | (7' <wand 77 <w) or (7 % u and 7’ £ U)}

A useful fact to note is that every ©7 has exactly two congruence blocks when J # 1.
In the next lemma and corollary, I show that every ©7 is, in fact, a congruence
on (2/\)71

Lemma 4.6. Let a € S be an clement in a finite meet-semilattice S. Then
0, ={{u,v) €SxS:(a<uanda<v)or(afuanda£v)}

is a congruence on S.

Proof. Let u be an element of S. Then surely a < w or a £ u. Hence (u,u) is in
0O, and ©, is reflexive. Now, suppose (u,v) is in ©,. Then either ¢ < v and a < v
ora ¢ uand a £ v. In each case, the pair (v,u) is in ©,, so ©, is symmetric.

Finally, let (u,v) and (v,z) be in ©,. Either a < v or a £ v, and u and z share the
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same property. Hence, (u, z) is in ©, and the relation is transitive. Thus 6, is an
equivalence relation.

Now, let 4 ©, v and w ©, z. If u and v are not greater than or equal to a or w
and z are not greater than or equal to a, then a € u Aw and a £ v A 2. If u, v, w,
and z are all greater that a, then u Aw > a and v A z > a. Hence, u Aw O, v A 2

and ©, is a congruence on S. |

Since every ©7 is of the form described Lemma 4.6, I have the following imme-

diate corollary.
Corollary 4.7. ©7 is a congruence on (2,)" for all J C {1,...,n}.

Now, before the main theorem is stated, a series of lemmas is presented describing
the structures of both (2,)" and Con((2,)"). For the following, since (2,)" has a top
element, adopt the convention that A ) = 1. The next lemma allows a description

of all of the elements of (2,)" by considering a much smaller subset of them.

Lemma 4.8. Every element of (2,)" is the meet of a subset of the coatoms of (2,)".

Moreover, this subset of the coatoms is unique.

Proof. First note that the coatoms of (2,)" are the Z!9 as defined above. If 27 is

some element of (2,)", then 7 = /\ Tk,

kel\J
Now suppose, for some L C I, that 7/ = /\T{l}. Then x} = 0 if and only if 7 is
leL
in L and ¢ is in I\J. Hence L must equal I\J. [

The next lemma describes the automorphisms of (24)".
Lemma 4.9. The automorphism group of (2,)" is isomorphic to 3,,.

Proof. Let ¢ be an automorphism of (2,)" and Z{%} a coatom of (2,)". By Lemma 4.1,

w(f{i}) = 71} for some j. Hence, since 9 is a bijection, ¢ permutes the coatoms of
(27)"
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Now, for all u < 1 in (2,)", by Lemma 4.8, u = z{itt A ... AT} for some

ilv ‘e 7im- Then
Yu) = p@E A AT = @) A A pEl),

Thus, ¢(u) is completely determined by where 1) maps each Z!is}, Therefore, any
automorphism of (2,)" is defined by how it permutes the coatoms of (2,)". Hence,
there are at most n! automorphisms of (2,)".

However, by Lemma 4.4, there exists a one-to-one homomorphism p from ¥, to

Aut((24)"). Since |X,| = n!, it follows that n! < |Aut((2,)")|. Thus
20| = |Aut((24)")]

and p is a bijection. Therefore, Aut((2,)") is isomorphic to ,,. [

For all v in a finite meet-semilattice S and € in Con(S), define |u/6] such that

|lu/0] = /\{v €S:vlu}.
By Lemma 4.6, ©|4/4) is in Con(S). The following lemma provides a useful way of
describing the congruences of S.

Lemma 4.10. For any finite meet-semilattice S and 6 in Con(S),

0= N Oyl

a€sS

Proof. First, I show 8 C /\(—)La/gj. Let (u,v) be in 6. Suppose, for a contradiction,

acS
that there exists an s such that (u,v) is not in ©,/5. Without loss of generality,

this means |s/6] < w and |s/6] £ v. Since [s/0] 6 |s/6] and u 0 v, it follows

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



that |s/8] = [s/0] Au 6 |s/0] Av. But |s/0] £ vso|s/0] Av < [s/6]. This
contradicts the minimality of |s/6]. Hence the pair (u,v) is in @4/ for all @ in 8

and § € \ O /0.
a€S
For the other direction, let (u,v) be in the congruence /\@[a /6)- There exists an

a€S
s such that |s/6] 6 u Av. I claim that, for any ¢ in S, if [¢/0] < v and [t/6] < v,

then |¢/0] < |s/6]. I have that [t/6] < u and |t/0] < v implies [¢/0] < u A v.
Then
ls/0] A[t/8] QunvA(t/0],
so [s/0] A |t/6] 6 |t/6].But |s/8] A[t/0] < [t/#] and, by the minimality of |¢/6],
it follows that |¢/6] < [s/6] A[t/6] . Hence |t/6] = |s/8] A [t/0] so [t/6] < |s/8].
However, there exists an 7 in S such that |r/6] 6 uso [r/8] < u. As (u,v) is

in /\(")La/gj, it follows that |r/f] < wv. Thus |r/f] < uAwv < u. By the previous
a€S

paragraph, |r/68] < |s/6]. Since |r/6] 8 u,

lr/0] A |s/6] un|s/b].

Hence |7/6] 6 |s/6] which means |r/6] = [s/0]|. And so, uAv 6 |s/60] is equivalent
touAv @ [r/8], thus u Av 8 u. Similarly, u Av 6 v yielding v 6 v. Thus, (u,v) must
be in 6. Therefore, /\@La/gJ Chandd = /\@La/gJ. [ ]

a€S a€S

The next lemma describes some important properties of the maximal congruences

of Con((2,)™).
Lemma 4.11. The following are equivalent:

(a) 60 is a mazimal congruence in Con((2,)").
(b) 6 is meet-irreducible.
(c) 8 =07 for some J CI={1,...,n}.
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Moreover, every element in Con((2,)") is the meet of a subset of the mazimal

congruences of Con((2,)") and this subset is unique.

Proof. 1If 8 is a maximal congruence, then 6 is covered ounly by the universal relation
V, hence 6 must be meet-irreducible.

I show that if § is not a maximal congruence, then 6 is not meet-irreducible.
Assume @ is not a maximal congruence. Then, since 8 £ V, there must be at least

2 ,':EJm} be the minimum elements

three congruence classes of 6. Let T' = {&;‘Jl,‘f
of the congruence classes of # where m is the number of congruence classes. Note

that for some i, the element 7% = 0. By Lemma 4.10,

0 = 7\ o’
i=1

Now, since there are at least three congruence classes of 8, there must must be
at least three distinct ©% not equal to 8, two of which are not equal to V. Hence
# is not meet-irreducible. Therefore, by contraposition, if § is meet-irreducible, it
must be a maximal congruence.

Next, note that any congruence in any congruence lattice with only two classes
is a maximal congruence. Moreover, 0 ©7 1 if and only if J = I. Thus, ©7 is a
maximal congruence in Con((2,)") for all J C I.

Finally, suppose 6 is a maximal congruence. Then # must have only two congru-

ence blocks; otherwise,
m
0= N\o"
i=1

for some m > 3 and 8 would not be meet-irreducible. In addition, the two congruence
blocks must be 0/ and 1/6 as 0 6 1 implies that # = V. Now, consider v =
A{u € (27)" | v 6 1} which satisfies v # 1 and v < u for all u 6 1. Thus,

v=vAwllAw=w
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for all w > v. Hence, 1/6 is the interval [v, 1] in (2,)" for this v and it follows that 0/6
must be all elements not in the interval. Therefore, § = ©7, where J C {1,...,n}

is chosen so that v = 7. [ |

In order to understand the rest of this section, consider the following useful defi-
nition. Recall that by Lemma 4.11 the meet-irreducible elements of Con((2,)") are
exactly the maximal congruences of the form ©7 for some J C I. Let the dimension
of a mazimal congruence in Con((2,)") be the cardinality of the corresponding
index set J. That is, if |J| = 4, then ©7 is a j-dimensional maximal congruence.

Before proceeding with the following lemma, note some important facts about
the maximal congruences. Firstly, there are 2" — 1 maximal congruences of the form
©7 corresponding to all elements of (2,)" not equal to 0 (in the case of Z/' = 0,
by definition, ®' = V.) Secondly, any (n — 1)-dimensional maximal congruence

i1} for some {iy,...,i,_1} C I, is of the form

Oiv-1) — {{u,u) € (20)" x (20"
(E{“’”"i”‘l} <y and g1t < v) or
(-f{il,,..,in_l} ﬁ u and Flvin-1} f v)}
= {(u,v) € (27)" x (24)" | (U} < w and 2l <w) or (21} £ 4 and 2t} £ 0)},

where z} is an atom of (2,)" and {in} = I\{i1,...,in—1}. Thirdly, for m < n

there are (TT:L) maximal congruences of dimension m corresponding to the number of

subsets of I of size m. Finally, in any m-dimensional maximal congruence @{i»im}

1 is in 0/@1-im},
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k
Lemma 4.12. Let Ji, Jo, ..., Ji be subsets of I and let J = ﬂJl. Then

=1

k
/\et<e’.

=1
Moreover, if J ¢ K, then

k

NCKESCA

I=1

k

Proof. Suppose that (u,v) is in /\@Jl. Then there exists an ! such that 7/t £ u,
I=1
or for all [ T have T/t < u. Consider the first case. Since T/ £ u, it follows that

T/ £ v. However, T/ <7/ s0 7/ £ w and 77 £ v as (u,v) is in ©7. Thus (u,v) is
in ©7.
If, on the other hand, for all I I have T/ < u, then for all I I have T/t < v. This

implies that Z: /!, the least upper bound of the set {Z/1,...,Z’*}, is less than or
k

equal to both u and v. But ZI: ¥l = 77, Hence (u, v) is again in ©7 so /\ eli<e’.
=1
Now, suppose J Q K. This means there exists an 4 in J such that 4 is not in K.

Hence T8 £ /. However, since 7/t < 7”7 for all [, the pair (z7,1) is in ©% for all
k

I. Thus (z7,1) is in /\@Jl. But zX £ 7/ implies that (z7, 1) is not in ©X. Hence
=1

k
Ao’ £ e |
=1

The following corollary to Lemma 4.12 concerns the (n—1)-dimensional maximal

congruences.
Corollary 4.13. If©7,... @/-m gre distinct (n — 1)-dimensional mazimal con-
n—m n—m
gruences and ©F is m-dimensional with /\ 0% < OF  then K = ﬂ J.
=1 =1
78
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n—m

Proof. By Lemma 4.12, /\ 07 < ©F implies that ﬂ J; € K. But

=1 =1

n—m

so K = ﬂ J. [ |
=1

The following lemma describes where an automorphism must send the maximal

congruences of Con((2,)").

Lemma 4.14. Any automorphism of Con((2,)") maps an m-dimensional mazimal

congruence to an m-dimensional mazimal congruence for 0 <m <n — 1.

Proof. Let ® be an automorphism of Con((2,)"). Note that, by Lemma 4.1, every
maximal congruence in Con((2,)") must be mapped to a maximal congruence by .
Next, let @n‘] 1,...,07 be n distinct maximal congruences and consider the con-
gruence [' = /\@Ji. The congruence class of 0 in I is equal to (), 0/©”:. That
i=1
is,

0/T ={ue (2,)":u}T"1<i<n}.

% is an atom for all . Hence, since

If every ©7 is (n — 1)-dimensional, then T
there are exactly n atoms of (2,)" and every element not equal to 0 is greater than

or equal to an atom, it follows that

0/T = {0} .
I claim that I is the trivial congruence A. For suppose there exists a u and » in

(2,)" such that u # v but u/T = v/T. If u is not comparable to v and u I" v, then

uAv < v so, without loss of generality, suppose u < v. Then, if u = 7 and v = z¥,
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there exists an 7 in K\ J. But this means that there also exists an atom z{* of (2,)"

such that (' < v but ! £ u so
u Azl ToA Ll

Hence 0 I' 2{#, which is a contradiction. Thus, if every ©7 is (n — 1)-dimensional,

then

Now, suppose there is a k such that ©7 is m-dimensional where m < n — 1.
This means the number of (n — 1)-dimensional maximal congruences in {©7 | i =
1,...,n} is at most n — 1. Note that when ©7 is (n — 1)-dimensional, /¢ is an
atom and 0/©7i contains every atom other than 7. As well, for any m-dimensional
maximal congruence # with m < n — 1, every atom is in 0/6. Hence there exists at
least one atom 7} such that, for all ¢, the element 21} is in 0 /©7i. Thus U} must be
in 0/T which means that ' must be greater than A. Therefore, the only n maximal
congruences that meet to A are the (n — 1)-dimensional maximal congruences and,
since there are exactly n of these, every automorphism of Con((2,)") must map
the (n — 1)-dimensional maximal congruences to each other.

I next show that, since ® maps the (n — 1)-dimensional maximal congruences
to each other, ® must also map the m-dimensional maximal congruences to each
other for 0 < m < n — 2. 1 show this by induction on ¥ = n — m. The base
case k = n — (n— 1) = 1 is true from the previous paragraph. Suppose, for all j
where m < 7 < n — 1, that ® maps the j-dimensional maximal congruences to each
other. Let ©/ be an m-dimensional maximal congruence. There exists Ji, ..., Jo_m
with each ©” an (n — 1)-dimensional maximal congruences and J = nﬁnJi. For

i=1
i=1,...,n—m, let O be the (n — 1)-dimensional maximal congruence such that

30
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®(07) = ©Fi. By Corollary 4.13, the congruence ©” is the only m-dimensional

n—m
maximal congruence such that /\ 07 < ©7. As ®(07) is a maximal congruence
i=1

there exists T C {1,...,n} with #(67) = 07,

Now

n—m n—m

N\ o= ) e'ne’

i=1 i=1

is equivalent to

SO

Thus
N\ of <e@©’)=0"
=1

n—m
By Lemma 4.12, ﬂ K; C T, so the congruence ©7 is of dimension at least m.
But, since j—dimenis:ii)nal maximal congruences are mapped by ® to j-dimensional
maximal congruences for all 5 > m, the congruence ©7 must be m-dimensional.
Thus, it follows that every m-dimensional maximal congruence is mapped by ® to
an m-dimensional maximal congruence.

Therefore, by induction on k = n — m with m = n — 1 as the base case, every

automorphism ® maps an m-dimensional maximal congruence to an m-dimensional
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maximal congruence for 0 < m <n — 1. |

I am now able to state and prove an important lemma that leads to the main

result of this section.

Lemma 4.15. There are at most n! automorphisms of Con((2,)") and they corre-

spond to permutations of the (n — 1)-dimensional mazimal congruences.

Proof. Let ® be an automorphism of Con((2,)"). By Lemma 4.14, the automor-
phism ¢ must map m-dimensional maximal congruences to each other for all m.
Then, by Corollary 4.13, every m-dimensional maximal congruence is fixed by a set
of (n — 1)-dimensional maximal congruences of size n — m. Hence, ® is completely
determined on the maximal congruences by where it sends the (n — 1)-dimensional
maximal congruences.

In addition, since every congruence in Con((2,)") is the meet of maximal congru-
ences by Lemma 4.11, any automorphism of Con((2,)") is completely determined
by where it maps the maximal congruences. Hence the automorphism & is defined
entirely by where it maps the (n — 1)-dimensional maximal congruences which is to
themselves. Therefore, since there are exactly n maximal congruences of dimension

n — 1, there are at most n! unique automorphisms of Con((2,)"). [

Finally, the next theorem states that every automorphism of Con((2,)") is car-

ried by an automorphism of (2,)".

Theorem 4.16. Every automorphism of Con((2,)") is carried by an automorphism
of (20)". Moreover, Aut((2,)") is isomorphic to Aut(Con((2,)")) under f defined
such that

f(¢) = ® where ¢ carries .

Proof. By Lemma 3.3, every automorphism ¢ of (2,)" carries some automorphism

of Con((2,)"). Note that f is the same as the map f defined in Lemma 4.4.
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I claim that every distinct automorphism of (2,)" carries a distinct automor-
phism of Con((2,)"). That is, the map f is one-to-one. For ¢ in {1,2}, define
[;: Con((2,)") — Con((2,)") by

Li(6) = {{i(w), ¢:(v)) € (20)" x (20)" | w6 v}

where ¢, and ¢, are distinct automorphisms of (2,)". There exists a j such that

$1 () # ¢o(zV). Now, (U} 1) is in OV} s0

<¢i(f{j})a ¢z(1)> = <¢i(7‘f{j})a 1>

is in T;(©V}) and, by Lemma 4.1, the elements ¢;(Z') and ¢4(zU}) are coatoms

of (2,)". But ZU} is the only coatom in 1/0%} so

(1), 1) # (g2(z1), 1),

which implies

Fl(@{j}) £ 1"2(@{1}).

Thus, I'1 # I's.

Therefore, since there are n! automorphisms of (2,)" by Lemma 4.9 and at
most n! automorphisms of Con((2,)") by Lemma 4.15, every automorphism of
Con((2,)") is carried by an automorphism of (2,)". Moreover, |[Aut(Con((2,)"))| =
|Aut((2,)")| and, since f is one-to-one, f is a bijection. Therefore, by Lemma 4.5,

f is an isomorphism. |
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Chapter 5

Classifying the Congruence

Lattice of (25)" for all n

In this chapter, I discuss possibilities for determining the congruence heredity of

(2,)" for all n > 2.

5.1 Ideas for solving the general case

In Chapter 2 and 3, I prove that Con((2,)?) is power-hereditary by showing that ev-
ery subdirect product of Con((2,)%) x Con((2,)?) containing ({0} x Con((2,)%))U
(Con((24)?) x {1}) is the congruence lattice of an algebra on the universe of
(27)? x (22)% 1 believe the key to solving the general case involves the graphs
of the automorphisms of Con((2,)"). This comes from the fact that proving that
Ly, — the only subdirect product coming from a non-identity automorphism of
Con((2 ,\)2) — is a congruence lattice requires further consideration of the underly-

ing set and the equivalence relations involved. Whereas, for every other subdirect
product containing ({0} x Con((2,)?)) U (Con((2,)*) x {1}), the proof that each

is a congruence lattice requires only lattice-theoretic arguments.
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The main result of Chapter 4, that every automorphism of Con((2,)") is carried
by an automorphism of (2,)", actually yields an even more powerful result thanks

to the next lemma.

Lemma 5.1. [22] Suppose that A is a finite algebra and that ® : Con(A) —
Con(A) is an automorphism. If ® is carried by an automorphism ¢ of A, then the
graph of the automorphism ® (as a sublattice of Con(A) x Con(A)) is closed under

all primitive positive formulas yielding equivalence relations.

Lemma 5.1 provides the step needed to produce, from Theorem 4.16 and Lemma 3.8,

the following important result.

Theorem 5.2. Let ® be an automorphism of Con((2,)"). Fvery subdirect product
L of Con((2,)") x Con((24)") containing ({0} x Con((2,)"))U(Con((2,)") x {1})
and of the form

L = {{a,3) € Con((2,)") x Con((2,)") : ®(a) < B}

is the congruence lattice of an algebra on the universe of (2,)" x (2,)".

Proof. By Theorem 4.16, every automorphism ® of Con((2,)") is carried by an
automorphism ¢ of (2,)". Then, by Lemma 5.1, the graph G of the automorphism
® is closed under primitive formulas and, by Lemma 1.4, is a congruence lattice on

the universe of (2,)" x (25)". But

G = {{e, ) € Con((2,)") x Con((24)") : ®(a) = S}

hence, by Lemma 3.8,

L = {{a, §) € Con((2,)") x Con((2,)") : ®(a) < B}
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is the congruence lattice of an algebra on the universe of (2,)" x (24)". [

I predict that Theorem 5.2 will allow me to write every subdirect product of
Con((2,)") x Con((2,)") containing ({0} x Con((2,)")) U (Con((2,)") x {1}) as
the intersection of known congruence lattices as I do for (2/\)2 in Chapter 2. In
addition, I anticipate Corollary 2.8 will prove very useful. Recall that Corollary 2.8
(a) states any subdirect product L of Con((2,)") x Con((2,)") containing ({0} x
Con((2,)")) U (Con((2,)") x {1}) is equivalent to

L = {{a, 8) € Con((2,)") x Con((2,)") : & < A}

where 8T = \/{a € Con((2,)") : (o, 8) € L}. I conjecture that thinking of the
subdirect products in this way should expedite the process of writing them as the

intersection of known congruence lattices.
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Chapter 6

Conclusion and Future Directions

6.1 Conclusion

The initial question asked in Chapter 1 is, “What are the power-hereditary repre-
sentations of the lattice S; and its dual?” This question is partially answered in the

central theorem of Chapter 3:

Theorem 3.7. The congruence lattice of (2/\)2 is a power-hereditary representation

of the lattice Sy.

Every other result in this thesis either leads to or, in a certain sense, leads from
Theorem 3.7.

Chapter 2 consists of a series of lemmas and theorems leading to Theorems 2.14
and 2.18 — necessary and sufficient conditions for congruence lattice representations
of S; and its dual to be power-hereditary. Besides being a useful tool to study any
representation of 87, Theorem 2.14 provides the key to the proof of Theorem 3.7.

Then, in Chapter 3, I describe an algebra (2,)> whose congruence lattice is iso-
morphic to S;. I supply a proof that Con((2/\)2) is power-hereditary in Section 3.2
and then provide an alternate proof in Section 3.3. In addition, I show in The-

orem 3.15 that every finite lattice in V({S7}) is representable by an algebra with
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a meet operation, a result stemming directly from Theorem 3.7. And finally, in
Chapters 4 and 5, I begin the process of generalizing the proof of Theorem 3.7 with

the goal to prove the conjecture that Con((2,)") is power-hereditary for all n > 2.

6.2 Further questions

Many questions have come up during my research, some of which I had intended to
answer when I began and some which arose from my results. This thesis concludes
with a few of them.

The major open problem I would like to answer is discussed fully in the previous

section.
Problem 1. Is Con((2,)") power-hereditary for all n > 27
With respect to the lattice S;, the following questions remain to be answered.

Problem 2. What are other congruence lattice representations of Sy and are these

representations hereditary or power-hereditary?

John Snow has suggested that it would probably be possible to come up with
a sufficient condition for a representation of S; to not be power-hereditary — one
that is similar to that of Theorem 1.12 for the lattice M3. He speculated, though,
that finding a representation to satisfy this graph-theoretic condition could prove
quite challenging.

In Chapter 2, a necessary and sufficient condition is given for a representation of
S;*, the dual of S7, to be power-hereditary. I have yet to find a congruence lattice
representation of S;* but it is of interest to note that S~ is isomorphic to the lattice
of convex subsets of a three element chain [8]. Still, many similar questions to those

already asked in regards to S7 could also be asked about S;*.
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Problem 3. What are other congruence lattice representations of S;* and are these

representations hereditary or power-hereditary?

Let H be the class of all finite lattices L such that if Con(A) is isomorphic to L
then Con(A) is hereditary and let PH be the class of all finite lattices L such that

if Con(A) is isomorphic to L then Con(A) is power-hereditary.
Problem 4. What are the elements of H and PH?

Snow’s results in [20] show that every congruence lattice representation of the
non-modular lattice N5 is power hereditary. Hence Ny is an element of PH. The
modular non-distributive lattice M3, on the other hand, has both a power-hereditary
and non-power-hereditary representation and so is not an element of PH.

An even more interesting question comes next.
Problem 5. Under what operations are H and PH closed?

In other words, are ‘H and PH closed under subalgebras, products, homomor-
phic images and various other operations. The discovery of a non-power-hereditary
representation of Mj in [12] showed that H is not closed under direct products but
I believe H and PH may be quite different from each other. A major benefit of
showing H and PH to be closed under the various possible operations is that it

would greatly expand the number of known representable lattices.
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Appendix A

The congruence lattice of (2))°

The following are all 61 congruences of (2 A)?’, arranged according to the number of
congruence blocks. For the ease of the reader, I have relabelled (2,)* with elements

{0,a,b,c,d, e, f,1} as can be seen in Figure A.1.

A ={{0},{d}, {e}, {f} {a}, {b}, {c}, {1}},
O = {{0,d}, {e}, {f} {a}, {b}. {c}, {1}},
Oz = {{0,e}, {d}, {f}, {a}, {b}, {c}, {1}},
O3 = {{0, f}, {d}, {e}, {a}, {b}, {c}, {1}},
Os = {{0,d, e}, {f},{a}, {b}, {c}. {1}},

©s = {{0,d, f},{e}, {a}, {b}, {c}, {1}},

96 = {{0, e}, {d, a}, {f}, {0}, {c}, {1}},

Figure A.1: The meet-semilattice (2,)° relabelled
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O7 = {{0, /},{d, b}, {e}, {a}, {c}, {1}},
©s = {{0,¢, f}, {d}, {a}, {b}, {c}, {1}},
O = {{0,d}, {e,a}, {f} {b}, {c}, {1}},
©10 = {{0, f}, {e, ¢}, {d}, {a}, {b}, {1}},
O = {{0,d}, {f, b}, {e}, {a}, {c}, {1}},
©12 = {{0, e}, {f, c}, {d}, {a}, {6}, {1}},
©13 = {{0,d,e,a}, {f}, {6}, {c}, {1}},
O1 = {{0,d, f,b}, {e}, {a}, {c}, {1}},
O15 = {{0,¢, f,c}, {d} {a}, {0}, {1}},
©16 = {{0,d, ¢, f},{a}, {b}, {c}, {1}},
©17 = {{0,d, f},{e,c}, {a}, {6}, {1}},
©15 = {{0,d, e}, {f, c}, {a}, {6}, {1} },
©19 = {{0,¢, f},{d, b}, {a},{c}, {1}},
O = {{0,d, e}, {f. b}, {a}, {c}, {1}},
©a1 = {{0,¢, f},{d, a}, {b}. {c}, {1}},
O22 = {{0,d, f},{e,a}, {b}, {c}, {1}},
©23 = {{0,¢e}, {d,a}, {f. c}, {b}, {1}},
©as = {{0, f},{d, b}, {e,c}, {a}, {1}},
O95 = {{0,d}, {e,a}, {f, 0}, {c}, {1}},
O = {{0.d, e, f,c}, {a}, {0}, {1}},

Oy = {{0,d, ¢, f,b}, {a}, {c}, {1}},

O = {{0,d,¢, f,a}, {b}, {c}, {1}},

O = {{0,¢, f},{d, a,b},{c}, {1}},

O30 = {{0,4d, f},{e,a,c}, {b}, {1}},

O31 = {{0,d, e}, {f, b,c},{a},{1}},

O30 = {{0, f},{d, b}, {e, c}, {a, 1}},

O35 = {{0, €}, {d,a},{f,c}, {6, 1}},
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O34 = {{0,d}, {e,a}, {f, b}, {c, 1}},
O35 = {{0,¢, f, ¢}, {d, a}, {b}, {1}},
©36 = {{0,d,¢,a}, {1, 0}, {c}, {1}},
Os7 = {{0,d, e, a}, {f, c}, {0}, {1}},
O35 = {{0, ¢, f, c},{d, b}, {a}, {1}},
O30 = {{0,d, f, b}, {e,a}, {c}, {1}},
O = {{0,d, f,b},{e, c}, {a}, {1}},
O = {{0,d,e, f,a,b}, {c}, {1}},
B2 = {{0,d, f,b},{e, ¢}, {a, 1}},
O3 = {{0,d, e, a}, {f, ¢}, {b,1}},
©u = {{0,d, ¢, f,a,c}, {b}, {1}},
O = {{0,¢, f,c}, {d, b}, {a, 1}},
O = {{0,d,¢, f, b, c}, {a}, {1}},
Oy = {{0,d, e, a}, {f, 0}, {c, 1}},
O = {{0,¢, f,c},{d, a},{b,1}},
O = {{0,4, f,b},{e,a}, {c, 1}},
©s0 = {{0,d, e,a}, {f, b, c}, {1}},
©s51 = {{0,4d, f, b}, {e,a,c}, {1}},
©s2 = {{0, ¢, f, ¢}, {d, a, b}, {1}},
©s3 = {{0,¢, f,c}, {d,a,b,1}},

O34 = {{0,d, f,b},{e,a,c,1}},

Os5 = {{0,d, e,a},{f, b, ¢, 1}},

©s56 = {{0,d,e, f,b,c}, {a, 1}},

©57 = {{0,d, ¢, f,a,c}, {b,1}},

Os3 = {{0,d, e, f,a,b},{c,1}},

Os0 = {{0,d, ¢, f,a,b,c}, {1}}, and
V = {{0.d.e, f,a,bc 1}}.
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